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2.1 Solving Systems
This stuff is so old. You'll remember it remarkably easyE. | hope. You hope. Whatever.

Part 1: Two equations

When you solve systems of equations, you start with two equations involving x and y, like

2x+3y=14
-X+5y=6

Now, there are several methods to solve these. The one we'll be using in this chapter is the one
where you cancel out an x or a 'y by adding the two equations. The steps go like this:

1. Try to get the coefficient of both x's or y's to be equal. You can do this by multiplying
either or both equations by any number. In the above example, I'd multiply the second
equation by 2, getting -2x + 10y = 12.

2. Add or subtract the equations to cancel one set of variables. In this case, the x's will
cancel when | add.
2x+3y =14

-2x + 10y =12
13y = 26

3. Solve for the remaining variable. Obviously, y = 2.

4. Plug that number into one of the original equations to get the second variable. If | plug
y = 2 into the first equation, | get 2x + 6 = 14. | can solve to get x = 4.

5. Check your answer. Usually this is optional, but if it really matters, why not do it? To
do this, plug your answer into the equation you did not use in step 4, and see if that
works. When | plug (4,2) into the second equation, | get -8 + 20 = 12. True! | got it right.

That example was easy, since | only had to multiply one equation by anything. If | had used
3x+4y=-5
2x-3y=8
| would have had to multiply both equations by something, for example the first equation by 2
and the second by 3 or -3 to get them to cancel. Try these on your own. The answer is y=-2, x=1.

Part 2: More than 2 equations

Things get a little more difficult now. But not much more. If you get three equations, the steps
are as follows:

1. Choose a variable you plan to eliminate. Use the one with the nicest coefficients.

2. Pair off the equations. You will need two different pairs of equations. You'll have to
use one of the equations twice; why not make it the nicest one?



3. Eliminate the same variable from both pairs. You'll be left with two equations, both
having the same two variables.

4. Solve the pair of equations from step 3 just like any other pair of equations.
5. Plug both of the answers into one of the original equations to find the third variable.

Here's an example: ]
I'll eliminate y firstE.

X +y-2z=1 I X+y -2z=1" 3x-y+z=4! 2A4x-z=5=8x-22=10
X -y+z=4 3X-y+z =4 2x+y+z=-1 5x+2z2=3 5x+2z2=3
2x+y+z=-1 4x -z=5 5x +22=3 13x =13

x = 1. Plug that into an equation from step 3E 4(1) - z=5E so ) )
z = -1. Plug those into an original equationE (1) +y-2(-1)=1E1+y+2=1E so
y =-2.

If you ever get 4 equations, it's basically the same processE choose one variable to eliminate,
separate up the equations into 3 sets of 3, and eliminate that variable from all of the trios. Then,
you'll have three equations with 3 variables, which you can solve using the steps above.

Part 3: Meaning

An interesting thing about these equations is that they all graph to lines. The sets with only two
variables are equations like those we worked with in chapter one; those were definitely lines. The
sets with more variables are also lines, but in higher-dimensional space; for example, the
equation x + y = 2z = 1 graphs to a line in 3 dimensional space. When you solve a set of
equations, you are trying to find the point where the lines cross.

What this means is that there are three different possibilities regarding these lines.

1. The lines cross in one point. This is the solution you found, the numbers being the
coordinates of that point.

2. The lines are parallel and do not cross. If you solve the equations and get a statement
that is false, like "0 = 9", then you know there are no solutions; the lines are parallel.

3. The lines are actually the same line, written in two different ways. This is sort of like
x - 2y = 3 is the same line as -2x + 4y = -6E one is just a multiple of the other. If you
solve the equations and get a true statement, like "0 = 0", then there are an infinite
number of solutions.



2.2 The Beginnings of Matrices

Part 1: Why bother?

Fortunately, there's an easier way to organize yourself on those 3-equation things, which also has
applications to a dozen other mathematical fields. This method involves matrices, which you

may have studied before. A matrix is just a block of numbers organized in a rectangular pattern.
The equations we looked at above can be plunked into a matrix fairly easily, like this:

- <2 3|14 3 4|-5
First set of two:$ Second set of tw 2 3

#1 5/6¢8 8
11 12]1Y
Set of 3 from exampleﬁ 11 1| 4!
1 11(-18

These are called 'augmented matrices' because we've added a vertical line separating the
coefficients from the numbers on the other side of the equal sign. All the line does is remind us
that we're solving equations here, and point out where the equal sign would go.

This is all pretty straightforward. The only thing that tends to trip me up with these is if there is a
0 coefficient, because you have to remember to put that coefficient in the matrix even if it's blank
in the equation. An example:

X+y=5 X y z A
4 1 0|57
2x-y+3z=2 = ® 11 3|2
% 0 !4/1%

2x-4z=11
This is helpful to remember when you're extracting equations from a matrix as well.

Part 2: Stuff you can do with matrices

1. Random vocabulary and information

Matrices are always named with capital English letters, like A, B, and so on. The
only letter you're not really allowed to use is I, which as we'll see later is a special matrix.

Matrices are also described by their size. The number of rows is given the letter
M, and the number of columns is given the letter N. Then we call it an "M by N matrix".
Note that this means the first number, M, means how tall it is; the second number means
how wide it is. This is the opposite of the order you're accustomed to, so be careful.

There are also special names given to certain matrices. A "row" matrix contains
only one row. A "column" matrix contains only one column. A "square" matrix has the
same number of rows as columns; in other words, it's square shaped. Makes sense, right?

11$
# &
[2 4]3] row, 1x3 ﬁgg column, 4x1 ?!#2 3 square2x2
’ #g ’ T3 49 ™
48,

Most important matrices are square matrices. Notice that the left hand part of the
augmented matrices in part 1 is square.



2. Adding and subtracting
This is your first real challenge. How does one add matrices? Well, it's like this:

| | |
N
#1 58 #3 -28 B -1.58

! $ lg 4% L. $
#3 O& #6 4&_#3 4&

%1 56 #3 28 4 2.3%
Okay, so not really a challenge. All you do is add or subtract the corresponding
elements, and you're done.

3. Multiplying by a constant )
Okay, this is the real challenge. How does one multiply by a constant? All rightE

"3 1% "12 -4Y9
41% "= '
# 5& #0 208

Eso, not really. Just multiply all the terms inside the matrix by the number.

4. Multiplying two matrices
This time I'm not kidding. Multiplying matrices isn't really that difficult,
but it isn't as easy as you'd hope! The problem is, most people wish they could
just multiply corresponding terms togetherE but that isn't so great for some of the
applications of matrices we'll see later on. So, we multiply matrices in a way that
forces a little more interaction between the numbers. It works like this.
1. First, we set up the matrices with the second one raised above the first, like
this: 12 -1 -5%
#4 0 3§ This Ieav_es a little space at the_bottom, between the
13 1% _two matrices. The answer matrix will fit exactly
# 8 into that space; this means that the answer matrix in
"4 -19 this example will be 2x3.

2. Once you have it set up, you get to solve. Start by looking at the first space in
the answer matrix. As the matrices are set up, this space is at the intersection of the first
row of the bottom matrix, with the first column of the top matrix. In order to get the
answer for this space, we'll need to use a combination of that row and column.

3. Multiply the first number in the row by the first number in the column, then the
second by the second. (If there were more numbers in our matrices, we'd multiply third
times third, and so on.)

4. Add the products from step 3, and plunk it into that space.

5. Repeat for all the remaining spaces in the answer matrix.

Here's the solution to that example.

2 1o
M o 38 work: 3(2) +1(4) = 10 42) +-1(4) = 4

| ™ 12 1159 3-1) +1(0) = -3 4¢-1) + 1(0) = -4

B 1g go 13 112 3(-5) +1(3) =-12  4(-5) +-1(3) =-23

W -18%4 14 123



There are some important things to note about multiplication. First, order matters
in matrix multiplication. You're used to the fact that in normal numbers, 4 x5 =5 x 4. In
matrices, however, most of the time ABA.

In addition to this, not all matrices can be multiplied. This also may sound weird
if you're used to normal numbers, or any kind of numbers. But try multiplying the two
matrices above in the reverse order, and you'll see quickly why it doesn't work. When you
get to step 3, you'll have unequal amounts of numbers. If you run across this, just write
"can not multiply". In general, if you're multiplying AB, A must have the same number
of columns as B has rows; in other words, A must be as fat as B is tall (scary thought!),
and the space in the upper left corner should be square.

5. Dividing two matrices
canOt be done. Yet. Muhahhaaha.

2.3 Solving Systems Using Augmented Matrices -- Gauss Method

Gauss, Karl Friedrich, is one of the greatest mathematicians of all time, if not the
greatest. Pretty much any field of modern mathematics owes a great deal at some point in its
history, to his research or that of the students who worked with him.

In the field of solving equations, particularly a system of three or more equations, he
introduced the idea of a matrix to keep oneself organized and to reduce the tedium of writing
long strings of variables. The method is named the Gauss method after him.

In real life, | typically solve systems of two equations the traditional way. Three or more,
and I'll use Gauss. We'll be practicing with systems of two equations in this book, because
they're easier to learn with.

Part 1: The Basics

To solve systems with this method, you begin with the augmented matrix corresponding
to the system; see section 2.2, part 1. The goal is to get zeroes in the bottom left "triangle" of the
matrix, with the remaining spaces numbers, like this:

b # # #|#9
! $ it ;
22! ##issgzzzg44ﬁo####§d
X 0 ##% Xﬁo 0 ##& X#0 0 # ##8,an SO On
o o #l#

What happens next is, we can recall that those numbers are really the coefficients of the x's and
y's in the original system, and then solve them from the bottom up. For example, if the left-hand

13 -1 1%
matrix (the 2 x 2) rea£ & then we could reassemble the bottom row as "4y = 8", which

4| 8%
means y = 2; and then plug that into the first equation: "3x - y = 1" becomes "3x - 2 = 1", which
solves readily to x = 1. A similar principle applies to the larger matrices; start by solving the last
row, then use that to solve the second-to-last row, then the third-to-last, and so on until you've

got all the variables.




Part 2: How to get there from here

There are three different processes we can use to get from the original matrix to the final
form, all of which are the same processes you would use with a system of equations. These are
just better organized. In any matrix, at any time, you may:

1. Switch any two rows. (I usually do this at the beginning of the entire process, to get the
"nicest" row on top. The nicest row, of course, contains a lot of 1'sk or better, 0's.)

2. Multiply or divide any row by any number other than 0. (I typically divide more than |
multiply, just to simplify a row. Remember if you have a row reading "2 2 4 | 8", you
could make your life much easier by changing itto "1 1 2 | 4". Isn't that nice? Also
remember that you can use multiplication to rid yourself of decimals. ".1 .2 .4 | 2" is the
same as "1 2 4| 20" if you multiply by 10.)

3. Add or subtract any rows or multiples of rows, replacing the one of the rows involved
with the result. (This step is the driving force of solving matrices, but it's also the hardest
one to explain. It corresponds to the step of multiplying an equation by a number, and
then combining the two equations to cancel out a variable. In a matrix, however, you
keep one of the two equations, and replace the other with the result of your twiddling.)

Confused yet? Well here, let's do some examples, they'll make you feel better. Here's number 1,
a2 x 2 system:

2xX -5y = -6
3x+3y=-9
1> _5L6$ At this point, | should do some housekeeping. I'm
| start by putting it into a matrix:ig ‘ & going to divide that last row by 3; and then, since
B 39 |t will be the nicest row, I'l put it on top.

. S;gl 1}38 .
The new matrix i o 5 -GgWhICh is a lot nicer.

Now for the real work: | need to get a zero in that last row where the "2" is now. To do that, I'm
going to add the first row, multiplied by negative 2, to the last row. You can see clearly that the
resulting sum will have a zero in the first spot. Then, I'll keep my first row the same (remember
how much I liked it to start with!) and replace the second row with the new improved version.

il 1-3§¥-2: 2 216 11 113%
2 566 = 2 5|6 = 7 OgThen solveE y =0, so x = -3.
0O -7 O

** |'ve introduced some unofficial terminology to the process, which I'll be using: | call the row

you use, but do not change, the "tool". In the previous example, the first row was the "tool",
because it remained the same, while the second row changed. Typically, your first row in Gauss
solving will always remain the same. It will be used to get whatever zeroes you need in the first
column. In larger matrices, such as the one in the next example, you'd use the second row as tool
for the second column 0Q's, the third row for any third column 0's, and so on. I'll explain why

later. For now, the next example.



Example 2E

Ax +4y -4z = 24
2x- y+2z=-9 (Did you notice you can divide the first row by 4? Me too. I'm

X-2y+3z=1 going to do that as | write it into the matrix.)
11 11| e Okay. Here | am, housekeeping done, ready to go. I'm going to
® 11 1o start by getting 0's in the first column, using the first row as the
12 3| 1% tool.
1. Firstrow¥-2 = -2 -2 2 -12

Second row# 2 -1 1 -9
0 -3 3 -21 will become my new second row

2. First ron¥ -1 = -1 -1 1 -6
Second row# 1 -2 3 1
0 -3 4 -5 willbecome my new third row
;;L 1 -16 ;!#1 1 - 3
#) -3 3 21&become5#0 -1 1}-7&when | divide the second row b
#
#) -3 4-5& #0 -3 4[5

To get the second column zeroes, I'll use the second row as my tool.
1. Secondro#¥-3=0 3 -3 21
Third row # 0-3 4 -5
0 0 1 16 will become my new third row

|

11 1 -169

g; 1 1 _7§To solveE <third row says> z = 16E

# g <second row says> -y + 16 =-7soy =23
0 106 <firstrow says> x+23-16=6sox=-1

There isn't always a solution to these matrices, just like there wasn't always a solution to systems.
If you get the last row reading "0 0 E | 0", then you have an infinite number of solutions -- the
equations were redundant. Write "infinite solutions". If the last row reads "0 0 E | #", then you
have a false equations, which means the equations are contradictory. They represent parallel
lines that do not cross. Write "no solution".

2.4 Solving Systems with the Gauss-Jordan Method

Jordan, who is relatively un-famous, made some improvements to the Gauss method
which make it a real bear to solve by hand, but which you would use in creating a computer
program to solve matrices. It involves the same steps and processes that the Gauss method uses.
Of course, we'll have to learn to do it by hand, because if you want to program a computer to do
something, you kind of have to know how to do it yourself first.

The only real difference is in the goal. In Gauss, you wanted zeroes in the bottom left
triangle of the matrix. In Gauss-Jordan, you want zeroes in the top right triangle, too. Your final
matrix will have numbers only in the diagonal and answer column; the diagonal numbers, in fact,
will all be 1's.



1 0 0 O

! i &

22#033528%44@0100#2(1

X#Ol% Xﬁooj-#& X#OO]_O#&,an SO On
oo 1

What makes this method more refined, is it eliminates the messy step of plugging everything
back in to find the actual answers. With G-J, the answers are right there in the answer column.
Notice that the first equation reads "1x = #", the second reads "1y = #", and so on. How nice! It
obviously takes a little more work. For now, that sucks, but remember this method is usually
used by computers, who don't mind the work as much as you do, as far as we know.

The first example:

1 2|3% Icould divide that last row by -1, but | kind of like those negatives, they'll make it
g 2 11]og easier to cancel. I'll start by using the first row as tool; multiply it by 2 and add it
to the last row, keeping the first and replacing the last.
Firstrow ¥2 = 2 4 6
Second row # -2-10

0 3 6 willbecome my new 2nd rowE after | divide by 3

|

#1 ‘ & If I was doing Gauss, I'd be done. But I'm not. | need to get a zero in the upper

0 126 right corner of the square, where the 2 is now. To do this, I'm going to use the

second row as the tool. I'll multiply it by -2 and add it to the first.

Secondrow¢-2= 0 -2 -4

Firstrow # 1 2 3
1

1 0 -1 will become my new first row
2 ot
# 1|2& this translatesto x = -1,y = 2.
With this matrix | was lucky because all the diagonals were 1's already. This often happens in
2x2's. If they weren't equal to 1's when | got to the last step, I'd just divide the whole row by
whatever number was there, to make them 1's. The last column might be a fraction, but who
cares? At this point you're done!

Here's an example with a 3x3.

12 112 There isn't any real housekeeping to do on this one. | might switch the last
%3 1 1|3 and first rows, but since I've already written it down this way, and the first
! row is nice enough, why bother? So I'll just start in on those first column
111 12]1¢ zeroes, using the first row as a tool.
1. Firstrown¥-3= -3 -6 3-6
Second row # 3 113
0 -5 4 -3 will become my new second row
2. First row# 1 2-12
Third row# -11-21
0 3 -3 3 will become my third row after | divide by 3

Actually, now that I look at it, | think I'll switch the new 2nd and 3rd rows before putting
them in. The second row will be the tool for next column, and | want it as nice as possible.



2 11/2%  1.Secondrow¥-2=0 -2 2 -2
O 1 111 First row # 1 2-1 2
5 4 !3:8 1 0 1 0 willbecome my new first row
2.Secondrowv¥5=0 5 -5 5
Third row # 0-5 4 -3
0 0 -1 2 willbecome my new third row
"1 0 1] 0¥ Now, I getto use the third row as my tool.
I 1
P11 1: 1. Third row # 0 0-12
0 'L 2¢ First row # 1010
1 0 0 2 will become my new first row

2. Thirdrow¥-1= 0 0 1 -2
Second row# 01-11
0 1 O -1will become my new second row

;} 0 0| 23$Since I'll need all the diagonalf%l 0 0 2% Tadalx=2
to equal 1, I'm going to divide & y=1
H 1 0f-1& : : 1 0 -1& "
# &fhe last row by -1, getting # # z=-2
0 0 -1 2 "0 0 1] -28 and that's it.
rk If you're interested in writing a program for solving matrices, here's a few tips. | did a

simple one for a 3 x 3 on an Excel spreadsheet. You could probably do one on your graphing
calculatorE after the test, of course.

| used Gauss-Jordan, of course. | didn't bother with housekeeping, nor did | put off
dividing to get 1's along the diagonal until the end. These steps are all to make it easier to solve
by hand, but the computer doesn't give a *(&"%& about fractions, or big numbers, or whatever.

| started by telling the computer to divide each number in the first row by whatever
number was in the first column. This will give you a 1 there. Then, to get a zero in the second
row, first column (which I'll call "2,1") | told the computer to multiply each number in the first
row by the number in 2,1 and subtract the second row from the first. | did the same thing with the
third row, and replaced the second and third rows with the results.

For the second column, the steps are similar. | divided the entire second row by whatever
number was in 2,2, giving me a 1 in that position. Then, | subtracted the first row from the
second row times 1,2; then the third row from the second row times 3,2.

I'll leave it to you to extrapolate the third column.

Another way to make it easier, is not to bother with equations and programming where
you know the number is going to be 1, or O; just type in "1" or "0" (it will always equal that
anyway), and you'll cut down your time significantly.



2.5 Finding Inverses of Matrices

7. 0 0 0%
1os i 0% %10 o8

. # & -

The matrlces"O 15 #8 é (;g ﬁo 0 1 0gand so onE
° % 0 0 1§

E are called "identity" matrices, and represented by the letter I. They are called this because
they are like the identity in multiplication -- the number 1 -- which, when you multiply it by
another number, doesn't change that number. Similarly, if you multiply any square matrix by the
same-sized | matrix, you'll get the original matrix as your answer.

Interestingly, this is also one of the only matrices that follows the reflexive property; in
other words, Al = IA for all square A.

Since there is an identity, there is also an inverse, calfefbAany matrix A. The
inverse is a matrix that, when multiplied by the original matrix, gives | for an answer. In other
words, A¥ A = AT¥ A = |. This is similar to multiplicative inverses: it works the same way
that 2¥ (1/2) = (1/2)¥ 2 = 1. In other wordsyultiplying by the inverse is the same as dividing by
the original. So if you know the inverse, you can OdivideO matrices by multiplying.

However, they're more difficult to find than just chunking each number on the bottom of
a fraction with a one on top. Naturally.

First, you'll take the original matrix and augment it with the identity matrix: [A | I]. Then,
solve the left hand side using Gauss-Jordan; the only differenee nsuy not switch rows. The
rightlhand side will evolve from the identity matrix into a matrix full of numbers; this matrix will
be A~

Here's the first example:

"2 49 This is the original matrix that I'm trying to find the inverse of.

A 11g I'mgoing to start by augmenting it with the identity matrixg

"o 4l 0% Oncel'm here, I'm just going to start solving the left hand side by G-J. I'm
$2 | ‘ ' not going to divide anything yet. I'll save those fractions for the end, thank
#1100 18 you very much. So I'll start by multiplying the second row by -2, and
adding.
First row# 2410
Secondrow¢-2= -2 2 0 -2
0 6 1 -2 willbecome my 2nd row

Now, I'll multiply the top row by 3 and the bottom by -2, and add

BAS

41 0Y
6‘1 2%
First row¥ 3 = 6 12 3 0
Secondrow-2= 0-12-2 4
6 0 1 4 wil become my 1strow

Ao

op 49
BE | 2:8 Once | get here, | divide by 6 to get the G-J matrix on the left hand side

EHS B

0 3/$ L . Ly oS
6 738 Alis just the right hand sidé#, %& Ta-dal I'm done.
1% 76 W AvA

It isn't easy! The good news is, these are shockingly easy to check. Just mukialy, A
and if you get the identity matrix, you're right. If not, you're wrong. Simple as that.



Here's an example with a 3x3E

0 11 0 0¥ 1. Firstrow¥-2= -2 0 -2
® 12 110 1 o Secondrow# 2 -2 -1
' 0-2-3

0 0/0 0 18

2. Firstrow¥-3= -3

0
Third row # 3 00 001
0 0-3-3 0 1willbecome my 3rd row
"1 0 1|1 0 0% Wow! I gotluckyE the 2nd column is already 0's. On to the 3rdE
®H 12 1312 1 0 1.T_hirdrow# 0 0-3-301
o 133 o 1:8 2.Firstron¥3 = 3 0 3 3 0 O_
e 3 0 0 00 1willbecome my 1strow
1. Thirdrow# 0 0 -3 -3 0 1
Secondrow-1=0 2 3 2 -1 O
0 2 0-1-1 1willbecome my 2nd row
" " Y

0 olo o 1» g0 0 4
® 2 01 !'1 1;dividetogetA = %‘}/Z 'Y, Y andthatsiit!
0 '3!3 0 1 $1 0 '

Inverse matrices can also be used to solve several systems of equations in which the
coefficients of the x's and y's remain the same, while the answer column varies. This is also a
useful technique if you know the inverse of the coefficient matrix already (either by having done
it, or used your graphing calculator (not on the test!!)). It works by noticing that any system of
equations can be represented by a square matrix A, made up of the coefficients; a column matrix
X, made up of the variables; and a column matrix B, made up of the answer column. This is how
the product looks in matrix format:

AX = B.

Then, because | really want to solve for X, the variables, I'll multiply both sideg:by A
AT¥AX=AT¥B.

Remember that A¥ A = IE

IX=A'¥B
E and that | ¥ anything = itself
X=Al¥B.

This either sounds stupid, or strangeE | know, | was th&rd@ut notice that if you
know what A' is, you can find X (which represents not just "x", but all of the variables in the
equations), by just multiplying Atimes the answer column. (Remember it has to be in that
orderE B ¥ A won't work.) This is too much work if you're just trying to solve for X once. But
if you a) have a series of problems with the same A (coefficients) and different B's (answers),
this is a whole lot easier than doing them all separately. Plus, if you have a graphing calculator
with an A* function, this is a lot easier than solving systems at all. Trust me on this one.



3.1 Translating a Max/Min Problem From Words to Inequalities

Most linear equations in the Oreal worldO start in standard form, ax + by = c. However, in reality
they mostly start life as words, which you have to translate into standard form equations. In this
section weOll be looking harder at this process, when applied to word problems that involve
maximizing or minimizing a quantity, subject to certain constraints or limitations.

A Typical Problem
Janita is baking cakes and cookies for an ASB fundraiser. Cakes require 3 cups of flour,
and require an initial expense of $2. Cookies require 2 cups of flour, and require $4.
Janita only has 12 cups of flour, and ASB can only fund her $16 in advance. If cakes will
profit $4 each, and cookies $3 per batch, find how Janita can maximize her profit.

In this section, our only concern is learning to change this word problem into equations and

inequalities. In the next section, we'll learn how to actually solve the problem.

The easiest way to change these words into equations is to build a table. In order to do
this, you will need to identify three basic things:
1. What you are choosing between
2. What your constraints or limitations are
3. What you are trying to maximize (or minimize)
1) In this example, you are choosing between cakes and cookies. These will go on the left
hand side of the table and, when you write your equations, will be denoted by an x and a y.
Obviously, it doesn't matter which you choose for x and which you choose for y. 2) the
constraints are that you have a maximum limit on the amount of flour, and a maximum amount
of initial spending money. These go in the first two spaces across the top. 3) You are trying to
maximize profit. This goes on top, to the far right. Currently, our table looks like this:
Sflour initial expense profit

X = cookies
y = cakes

Notice that | left space across the bottom. This is where I'll put the limits on the
constraints. Now, | get to fill in the numbers in the appropriate boxes; for example, in the
intersection of "cookies" and "flour”, I'll fill in a 2 because that's how much flour it will take.
Here's the final table:

Sflour initial expense profit
X = cookies 2 4 3
y = cakes 3 2 4
limit 12 16 MAX

On the last box, | reminded myself that | was maximizing. This seems obvious, but
sometimes we'll see minimization problems, usually involving minimizing cost. Whatever you
need to do to not forget what you're doing, do it! (hmmE.)



Now that we have the table, it's very easy to write the inequalities. In the column for each
constraint are numbers. Since I've chosen x for my number of batches of cookies and y for my
number of cakes, | can rewrite the first
column as this inequality: 2x + 3y! 12
Eand the second as this one: 4x + 2yl 16

These are called "constraints”. Note that these inequalities actually make sense. If a batch
of cookies requires 2 cups of flour, then x batches will take 2x cups of flour; similarly, y cakes
require 3y cups of flour, and whatever 2x + 3y is, it has to be less than or equal to 12 B otherwise
IOl run out of flour.

The third column behaves a little differently, since it's not a constraint and doesn't need a
I sign. In the third column, the proéiguals 4 dollars per cake and 3 per batch of cookies. So, |
can rewrite that as follows: 3x +4y =z (max)

This function is called the "objective function” because it's your objective, your goal.
Makes sense, right? It will always be noted with a "z" for maximization problems. Sometimes
"w" is used for minimization problems, but that doesn't really matter in this chapter, if it ever
does.

Atypical Constraints

Since we had a "typical" example, there must also be some odd stuff going on. Until you
get good at translating words into equations, these atypical constraints will be hard to identify.
Here are some key things to look for.

1. "at least" or "at most", "less than" or "more than", involving only x or only y

2. constraints involving both choices, but not enough numbers to table.

** 3, constraints that do NOT involve the concept of OperQ_i@ps of flour per
batch”.

Here is an example of a partial problem with atypical constraints.

Jennifer and Brett are working with the ASPCA to rescue stray cats after a flood. Their
van holds only 12 cats total. Jennifer can not rescue more than 4 cats before her allergies start
to bother her. If Jennifer can rescue a cat in 15 minutes and Brett only takes 10, how many cats
should each of them capture to minimize the amount of time spent?

The objective function is fairly easy to get: Minimize z = 15x + 10y, where x = the
number of cats Brett rescues and y = the number Jennifer rescues. But after that, it's hard to set
up a table. Where does the 12 go? What about the 4 cat maximum set on Jennifer?

First, be aware that the 4 cat maximum is an "at most" constraint involving only Jennifer.
It satisfies our first criterion above. It is also not a OperO constraint.

Then, notice that the 12 cat maximum involves both Jennifer and Brett, but doesn't have
any other numbers with it to put into a table. It satisfies the second criterion. It is also not a OperO
constraint.

So, how do we set it up?

The main thing to remember is that x does not stand for OJenniferQ; it stands for Othe
number of cats Jennifer rescuesO. Similarly, y stands for Othe number of cats Brett rescuesO.
Although we often abbreviate, x witlways represent a number of (something), and when
dealing with atypical constraints it can be very helpful to be explicit with these variables.

1) The constraint with JenniferOs allergies gaysumber of cats Jennifer rescues must
be at most 4. This translates directly to!x4. (Be careful with the difference betwéeand >.

"At least" means; "more than" means >)

2) The constraint with the van space sdiySoral number of cats captured by Brett plus

the total number by Jennifer can’t be over 12: X +y! 12.



3.2 A Note About Graphing Linear Inequalities in Standard Form

Standard form for a linear equation looks like this:
ax+by=c
as opposed to slope-intercept form, which isy = mx + b.

The slope-intercept form is generally preferred in applications, because it gives you more
information at a glance than standard form. The only two really important pieces of a line are its
slope and its y-intercept. Standard form gives you neither of these readily. However, standard
form is used simply because most linear equations you'll see in real life come to you in standard
form, including those you'll be working with in this chapter and the next.

Typically, to graph an equation in standard form, you'd change it into y = mx + b form by
solving for y. However, this process is a little time consuming and involves all kinds of
complicated fractions. Yuck! So when you're graphing a whole bunch of them, and the only
thing that matters is the graph itself, there's a shortcut. It works like this:

1. Plug in x = 0. Solve for y. The resulting point is (0, y), the y-intercept.

2. Plug iny = 0. Solve for x. The resulting point is (X, 0), the x-intercept.

3. Graph the two points and connect them. You're done!

Here's a couple of examplesE

2x+3y=6 4x -2y =8
2Xx=6 4x =8
x=3 | ﬂx=2
3y=6 | -2y =8
‘ T I |& y:2 y:-4

The next step is to graph not just equations, but inequalities. For example, how do you
graph 2x + 3y 6? Or 4x - 2y’ 8? Well, the first step is to imagine that the alligators are in fact
equal signs, and graph the resulting line. Use the same steps we used above. Once you have the
line graphed, you'll notice that it divides the coordinate plane into two sections. One of these
sections needs to be shaded in. But which?

To answer the question, plug in a nice easy poinbn the line itself. | usually choose
the origin, (0, 0). If that happens to be on the line you've graphed, use (1,1) or (1,0) or (0,1), orE
well, you get the idea. You can really use whatever you want, but why make it difficult?

If | plug in the origin into both of the above equations, | getE

1.2(0) + 3(0) 6 2.4(0) - 2(0)' 8
0! 6 0" 8
true false

Since the first was true, this means that (0,0) must be in the shaded region. In the second, (0,0)
should not be in the shaded region. So, in the first, | will shade the section that contains the
origin; in the second, I'll shade in the section that doesn't.

L




3.3 From Equations and Inequalities to Graphs and Answers

Now, we get to put this all together and arrive (hopefully) at a solution. We know how to
translate words into equations (3.1), and how to translate equations into graphs (3.2). But how do
we get the answers?

Step 1: Graphing

When you graph these equations, graph only the constraints. Remember that in most
cases, since we're dealing with "real world" problems, there will also be implicit boundaries at x
" 0Oandy' 0. Leave the objective function alone for now. Shade the appropriate side of the
linear graphs, and find the region where they overlap. Typically, this region will be a polygon
abutting the origin and axes for maximization functions, or a region infinitely extending away
from the origin for minimization problems. Of course, not all problems graph this way, but the
majority will.

Typical max typical min

R |

Once you get the region of overlap, you have to become a little more specific with it.
Find all the corner points of the region involved. For points like the origin, this isn't too difficult.
For the other points, you have to solve the two linear equations together in order to get the
crossing points. Since these equations have only two variables (x and y), | tend to use the old
multiply-and-add method rather than matrices for this.

A couple of quick tips to keep you organized. You will make your life a lot more difficult
if you don't note to yourself which line goes with which equation. This sounds idiotic, but if you
don't know which line is which you'll be unable to tell which two equations to solve to find each
crossing point. | use color; you can use numbering or symbols. Just make sure you know which
is which. Another good idea is to spot-check your graph for errors. These graphs are sketches
and tend to be inaccurate, but they're not going to be out of order. When you get the crossing
point algebraically, make sure the numbers you get for x and y make sense on your graph. If not,
you've made a mistake in one of the steps, either the graphing step or the solving step.

Also, remember as you graph and solve thatd¢p@ns represent the graphs of
inequalities { or™"). They are bounded hyzes, which represent the equations (=). When you
solve to find the crossing point of twiaes, you are solving two equations (=). So don't write
down the inequality signs when you go to solve the equations! This again seems stupid, but it
confuses more people than | really want to count.

So, we have our region with its corner points clearly labeled and checked for correctness.
Now, what do we do with the corner points?

Step 2: What to do with the corner points

The cool thing is, the maximum or minimum willways occur at one or more of the
corner points. This isn't an odd coincidence. It's because the corner points occur at the extremes
of the graph: the farthest point to the left, right, or diagonally, is going to be a corner. So the
extreme (maximum or minimum) of the equations ought to correspond to them. And it does.



This is where the objective function comes in. All you have to do is plug each of the
corner points (x,y) into the x and y of the objective function. If you're maximizing, choose the
corner point with the largest result. If you're minimizing, choose the corner point with the lowest
result. Finally, something that makes sense!

There are only a few curves that can be thrown at you. Here are two of them:

1. There are two corner points that both yield the same value, and it's a maximum or
minimum (ie, you have a tie). This will only happen with two adjacent points, and it means that
both of those points, and the entire segment between them, will all yield a maximum (or
minimum). Note this in your solution.

2. The "winning" point has decimals or fractions, but the problem demands a whole
number solution. This would be like getting for an answer, "Janita should bake 3 and a half
cakes" or "NASA should build 2.4 spaceships”. When this happens, it means you have a lot of
extra work. (sorry!) Choose a few whole numbers near the winning point. If both x and y are
fractions, this means you'll have four candidates: one with x rounded down and y rounded up;
one with x rounded up and y down; one with both rounded down; one with both rounded up. If
you had another corner point that came close to winning, do the same thing with that point. Then
the work beginskE

a) Test all the points in thenstraints. If they violate even one constraint, discard them.

b) Test all remaining points in the objective function.

c) Choose the highest result for maximization, the lowest for minimization.

| said it was a lot of work. Actually, it looks like a lot more than it is; remember these are
all whole numbers, so they're easy to plug in.

Okay. Now you've got your solution. How do you write it? Normally, I'm not very anal
about writing solutions properly. But these types of problems really demand that you're aware of
what you're doing. As a general rule, if the problem is written as equations or number values, it's
okay to leave your answer in number values. If the problem is written as a word problem, give
your answer as a word answer. So for a long involved word problem, don't write your answer as
"(3,4) max = 24", because what the heck does that mean? Write it out completely: "Farmer
John's wife will earn a maximum of $24 by knitting 3 sweaters and 4 pairs of socks", or at the
very least "max of $24 with 3 sweaters and 4 socks". It's only fair; we spend longer writing the
darn problem in the first plac.

What, you mean you want an example?

Exampl
Graph:

: solution to the Janita example:

To find this point, solve: 2x + 3y = 12-2 = -4x -6y =-24
(O, / 4x + 2y = 16# 4x +2y =16

-4y=-8soy=2
©9) | (ﬂ&,\

X=3
Plug in all four corner points: objective function was 3x+4y=z
At (0,0)# 3(0)+4(0)=0
At (0,4)# 3(0)+4(4) =16
At (4,0)# 3(4) +4(0) =12
At (3,2)# 3(3) +4(2) = 17 MAX
Janita will maximize profits at $17 by baking 3 batches of cookies and 2 cakes.




Example 2:

So far, all our examples have been maximization problems. So here's a minimization
problem:

NASA is colonizing a space station. It needs to choose between two types of transport.
Type A costs $5 million and holds 20,000 people and will carry 600 tons of cargo. Type B costs
$6 million, holds 30,000 people, and carries 400 tons of cargo. NASA must transport at least
180,000 people and 3400 tons of cargo. How much of each type should NASA build to minimize
cost?
People (K) | cargo (hun.) | Cost (millions)

Transport A (X 20 6 5
Transport B (y 30 4 6
180 34 MIN

1. 20x + 30y' 180 (I'm going to start by dividing this by 10E)= 2x + 3y" 18
2.6x +4y" 34 (divided by 2E) =3x +2y" 17

| |
(9.00N
2x +3y =18 ¥3= 6x+9y=54
3x+2y =17 ¥-2= -6x-4y=-34
5y=20 y=4

X=3

Objective function z =5x + 6y
At (0, 8.5)=5(0) + 6(8.5) =51
At (9,0) =5(9) +6(0) =45
At(3,4) =5(3)+6(4)=39

NASA can minimize costs by building 3 of transport A and 4 of transport B.



4.1 Maximizing with Matrices

Part 1. Why?

Good question.

The graphicalmethod we learned last chapter has a couple of severe limitations. The first
is, you're restricted to only 2 variables, x and y, or at the very most 3, because we simply can't
graph functions in four or more dimensions to a point where they make any sense at all. The
second limitation is that graphs are visually oriented, which is great for humans, but not for
computers which are data- oriented. Both of these problems can be solved by a method called the
Osimplex methodO, which uses matrices to mimic the process of finding corner points and
solving. Computers like matrices, whether you do or not. When you get to college, when you
take a course in operations research, you'll get to use a nifty program that solves them for you.
But first, you gotta learn how to do it E just in case.

Part 2. Setting Up

The first type of maximization problem is called Ostandard maximum form.O This is like
the ones we did last chapter when we got that little polygon near the origin. The requirements are
as follows:

a. You are maximizing z.

b. All your constraints aré.

c. Allyour variables aré 0.

If these requirements are met, then the steps are:

1. Change all of your variables from x's arglinto %, Xz, X3, etc. (We do this so we don't run
out of letters in problems with more than 2 variables.)

2. Change your inequalities into equalities by adding Oslack variables.
Slack variables are a weird concept at first. But let me try to explain them. If you have an
equation that reads Q2x3x% ! 120, that means that whatever the left side equals, it has
to be less than or equal to twelve. In other words, there is a gap between the left side and
twelve B the gap may be zero but never negative. The slack variable is used to fill the
gap. It also may be zero, but not negative. The equation becomes:

2X1+ 3%+ x3=12

The reason we do this is because inequalities are fuzzy, and computers don't like fuzzy.
They like cold hard fact, and equalities are just that. Note that you have to use a different
slack variable for each given inequality, because they probably won't all be equal. If you
had a second inequality, you would uggetken %, and so on.

3. Change the objective function.
Because of the process involved in the method, the objective function (the z equation)
must be changed as well. It usually starts life as Oz £ 2%0, or something along
those lines. But the method requires that it be set equal to zero. We do this, not by
subtracting z from both sides, but by subtracting thet3x from both sides, yielding:

3xp b 2%x+z=0.

Most people remember this as Ojust make the coefficients negativeO, but it's kind of
important to remember why, for later sections in this chapter. I'll tell you when.



4. Matrix it!
When you jam these into a matrix, you will need one column for each variable, including
z, plus a separate column on the right (augmented) for the OanswerO column. Then, you
will fill in all the coefficients straight across the rows. The objective function goes on the
very bottom row, separated from the rest by a horizontal line.

Let's say you have this problem: OMaximize z = 3x + 2y subject to 2x #3wnd 4x +
2y! 160. The first step is to make the appropriate changes; with slack variables and the z
equation changed, it becomes:

2X1+ 3% +Xx3=12
4X1 + 2% + X4 = 16
B3x1b2%x+z=0.

Then, it goes into a matrix like this:
X1 X X3 X Z ans
"2 3 1 0 012 Notice that near the right hand side is a copy of the identity
%4 2 0 1 ol1g matrix. If you've set up your slack variables and z equation
$ 6 correctly, you'll always see this. Also, note that the
#3 1200 1| 0g coefficients in the z equation went in negative, as explained
earlier. This will be useful later.

Part 3. Reading a Solution

We'll learn how to solve later. For now, you need to know how to read a solution from a
matrix. To do this, you look at columns where all but one of the coefficients is zero. Ignore all
the other columns; the variables in those columns are assumed to actually equal zero, so the
coefficients are irrelevant. In the selected columns, find the solution by dividing the sole nonzero
coefficient into the answer column number in the same row. That's what those variables equal.
The same is true for z; what you get for z is what the z-value is at that point on the matrix. Here's
an example:

X1 X2 (X3 X4/ Z ans
! ) $ The columns we'll read the solution from are thexx and z
A 0 1 2 014y : :
Lol column. The z should always be a solution column (if not,
zj 2 350 128 something is wrong). The other two columns I'll ignore; | usually
# 0 6 7 2| 608 crossthem out at this stage to remind myself.

In the % column, the coefficient is in the first row, and equals 1. The answer column
number in that row is 14. So; % 14/1, which is 14. In the;xcolumn, the coefficient is in the
second row, and equals 2. The answer column number in that row is 12=Sk®/, or 6. In
the z column, | use the same process to get z = 60/2, or 30. Therefore the solutions | can read
from this matrix are: x= 14, % =6, % =0, % = 0, z = 30. | usually don't write the ones that
equal zero, but | wanted to remind you since you're new athis.



Part 4. Pivoting

So far, nothing in this section has been really radical. It's stuff you need to know, but by
the end of the chapter you'll probably take it for granted. Pivoting is the first part where you
actually get to make mistakes, although it's really something you've done before.

Pivoting is similar to solving Gauss-Jordan. Once you've found a number to be your
pivot, which we'll learn how to do next section, you'll keep that entire row the same, and try to
get the other numbers in the column to be zero. We learned how to do this in 2.4; if what I'm
saying sounds Greek to you (or Swahili to those of you who speak Greek), then skim over that
section again before moving on.

The only restrictions when you're pivoting are:

1. The coefficient for OzO in the last row must be positive at the end of each step.
2. The numbers in the answer column for all but the last row must be positive at the
end of each step.

It's easy to fix a problem with either of these restrictions; if you've violated one, just
multiply that whole row by B1 (switch all the signs) and your problem is solved.

Here's the same matrix from last section. We're going to start by pivoting around the 4 in the
second row, first column. I'll keep the entire second row the same, but try to cancel out all the
other first column numbers. Note that the current solution is x =, 1218, z = 0.

X1 X2 X3 X4 Zans X1 X2 X3 X4 Zans
2 3 10 012 '5}00421138.‘%
$4 2 01 016 becomesH 2 0 1 016
93 12 0 0 1] 0% P 12 0 3 448

Now, note that the solution has becomeX, % = 8, z = 12: a big improvement if we're trying
to maximize z. Now, I'll take that second matrix and pivot around the 4 in the first row.
X1 Xo X3 Xg Zans X1 Xo X3 X4 Zans

5}9421138.‘% ;042!138.‘%

@ 2 0 1 (16 becomes® 0 !2 3 Q 24,

P 12 0 3 44 0 2 5 gd104
Now the solution is x= 3, % = 2, z = 13. A small improvement, but still an improvement.

Please note to yourself that the process of pivoting was only productive because | chose
the pivot for you, and | knew what | was doing. Pivoting in and of itself does not necessarily
improve the value of z b the crucial thing is to pivot around the correct number.

4.2 How do | find the pivot?

Okay, back to the easy stuff.

Step 1. Find the most negative number in the bottom row. The bottom row numbers are called
Oindicators,O so this can also be said: OFind the most negative indicator.O

Step 2. In the column above it, choose your pivot by dividing the answer column number in each
row by the corresponding number in the column. Basically, what you're doing is checking
on what value the quotient would have if that number became a solution. The
lowest nonnegative quotient is the pivot. A quotient of zero is okay, but the pivot itself
can't be 0 or negative.

Step 3. Pivot around that number.



Step 4. Repeat until you're done. You'll know when you're done because you'll run out of
negative indicators.
Step 5. Read the solution from the last matrix, write it down, circle it, move on.

Between this section and 4.1, you have all the information you need to solve a matrix in
standard maximization form. Here's an example of the entire process from start to finish:

Example: Farmer John grows sheep, cows, and pigs. Each sheep costs $15 to buy, each cow
costs $20, and each pig $10. He can only afford $80. In the future, the sheep will cost $2 a week
to feed, the cows $3, and the pigs $1. He can't spend more than $6 a week. However, his total
profit will be $40 per sheep, $50 per cow, and $30 per pig. How can he maximize his profits?

Step 1. Same as last chapter! Make a table. Remember tg Mgeekc instead of x and y.

cost to buy feed/care profit
X1 sheep 15 2 40
X2 COWS 20 3 50
X3 pigs 10 1 30

80 6 max

Step 2: Write equations. Remember slack variables and the change in the z equation.
15x + 20% + 10% ! 80 — 10x + 20% + 10% + x4 = 80
2X1+ 3%+ X3! 6 — 2X1+ 3%+ X3+ X=6
Z = 40% + 50% + 30% — -40x D 505D 30+z=0
Step 3: Put it into a matrix and find the first pivot.
X1 X2 X3 X4 Xs Z aAns
15 20 10 1 0 j 803

2 3 1 01 96e¢

#40 -50 30 0 0 1 0§
Step 4: Pivot around that number. Repeat until all negatives are gone from the bottom row.

15 20 10 1 0 q803 45 0 10 3 -20 (1203
2 3 1 01 06$pecomesi2 3 1 0 1 6 $
#40 50 30 0 0 1 0§ #20 0 -40 0 50 3 3008
(work: I row x 3 = 45 60 30 3 0 0 240 2" rowx 50 =100 150 50 050 0 300
2" rowx20= 40 60 20 0 20 0 120 3 rowx3=-120-150-900 0 3 0
subtract = 5 0 10 3-20 0120 add = 20 0 -40 050-3 300)
L5 0 10 3 -20 d 1203 15 30 0 3 -30 0| 603
#2 3 1 0 1 6 $becomesf2 3 10 1 0 6¢
#20 0 -40 0 50 3 3008 #0 120 0 0 90 3 5408
(work: 1" row = 5 0103-200120 2" row x 40 =80 120 40 0 40 0 240
2" rowx 10=2030100 100 60 3row=__ -20 0-40 0 50 3 300
subtract = -15-300 3-300 60 add = 60120 0 0 90 3540)

Ta-da! No more negatives!!

Step 5: Read the solution out of the matrix and write your answer down. The answer is that John
should raise 6 pigs for a profit of $180. | ignore the slack variapte20 because this is a word
problem; slack variables are just tools, and Farmer John doesn't care about anything but pigs.



4.3 Constraints with OGreater ThanO

OGreater thanO constraints, while they don't seem intimidating at first glance, change the
entire way we find the pivot. They also, less severely, change the way we set up the problem in
the first place.

1. Setting it up

Let's say you have the equation 3x6x " 30. We can't.dd a slack variable to the left
hand side because that will only make it greater than it was before. The obvious solution is to
subtract the slack variable. (Some people call it a surplus variable now.) So, the equation
becomes 3x+ 6% D % = 30. So far so good.

2. Pivoting with lllegal Solutions

The only problem is, in doing so we violate one of the very first rules, which said that all
the variables must be greater than or equal to zero. While it's obvious wed intended to be
nonnegative when we first set it up, when we put it into a matrix and read the initial solution to
it, we get that it's negative after all:

| $ The initial solution to this matrix reads % -30, % = 26, z = 0.
# 6 .-10 30% Obviously, we have a problem with. X his changes the way we
ﬁ9 2 0 1 26§ will find the pivot. We have to get a legal solution before we
#6 2 0 O ]l 08§ even begin to maximize. The good news is, while you're
legalizing your matrix, often you're also beginning the process of
maximizing. Usually it only adds one or two extra steps to solving.

To find the pivot using the QOillegal solutionsO method, focus on the illegal solution D in
this case, xb and the row that it's in, in this case the first. Then, find the left-hand-most number
in that row that is a potential candidate for being a pivot -- in other words, the left-hand-most
positive number (not negative or zero). Sometimes it will fall to the right of the illegal solution,
which is fine. In this case, though, the left-hand-most potential pivot is the three on the far left.

The three, however, is not necessarily the pivot. All it does is tell us which column to
look in. In the first column, now, we'll choose the pivot as usual. This will give the 9, because
26/9 is less than 10. Note that this is the same pivot we'd use if we were maximizing, so we're
actually killing two birds with one stone here. Now, pivot:

! $ ! $

ﬁs 6 -10330g 0 16 -3 -1 0| 643

f9 2 0 1 26§ becomes? 2 010 26§

# 2 0 0 108 o 2 0 2 352
(work: 1" rowx 3= 918 -30 090 2" rowx 2 = 18 40 20 52

2" row = 9201 026 3 rowx3= 1860 03 0

subtract = 016 -3 -1 0 64 add = 0-2 0 2352

The solutions in this matrix are still illegal: still that 0 we have to go back and find the pivot
again, the same way we just did: focus on the first row. The left-hand-most positive number is
now 16; in that column, find the pivot as usual. This time we get 16 as our pivot.

ip 16 -3 -1 0] 643 L0 16 -3 -1 0| 643

? 2 010 268becomesﬁ72 0 3 9 0 144§

0 2 0 2 3|52§ #0 0 -3 15 244808
(work: 1" row = 0 16 -3 -1 0 64 I row= 0 16 -3 -1 0 64

2rowx 8= 7216 0 8 0 208 3rowx 8= 0-16 0 16 24 416

subtract up = 720 3 90 144 add = 0 0 -3 15 24 480)



Finally, all the solutions are legal! However, | know by the -3 in the bottom row that it's not
maximized yet. But | can go ahead and maximize this matrix just like we did in 4.2. It should
only take one more step.

L0 16 -3 -1 0| 643 72 16 0 8 0| 208}
72 0 3 9 0|1448becomesff2 0 3 9 0] 144%
#0 0 -3 15 244808 #2 0 0 24 246248

My solution is % = 13, x = 48, z = 26. Note that all solutions are legal and that there are no
2more negative indicators D that's how you'll know you're done.

4.4 Minimization

As you noticed in chapter 3, not all problems involve maximization. If you're working
with costs or the use of any other resource, you often want to minimize. However, the simplex
method only works to maximize. At first this seems to be a problem, until you realize this simple
concept: Minimizing a positive is the same as maximizing a negative.

Okay, it's simple, but it's not really. Think about both in terms of 0. Minimizing positive
numbers means getting closer to 0. Maximizing negative numbers means getting closer to O.
They are equivalent in the problems we're working with. It's the same concept which made you
mess up in pre-algebra, when you were dealing with the fact that B2 is indeed greater than
D200,000. Think about it for a while until you feel comfortable, or at least more comfortable.
Then, read on E

The good news is that minimization really only affects the z equation. (It also usually
brings in a lot more Ogreater thanO constraints, which requires the second method of pivoting, but
we've done that before.) With maximization problems, we subtracted the majority of the numbers
to change an equation like Omaximize z #28%0 into Omaximize 2B 3% + z = 00. With
minimization, we still take this step, but add some new stuff too. Froninize D2x D3x% + z
= 00, we then multiply the whole row by P1, creating a third equation: OmaximizZéx2® z =
00. This works because of the concept italicized above. Finally, we have one more change.
Remember how z couldn't be negative? Well, it is. So we create a variable called OwO, which is
assumed to be equal to O-zO. This creates the equation OmaximBe 2xv = 00, which is
all right. Then, at the very end of the problem when you're done, you'll get as a solution Ow = -
4360 or something, which then becomes Oz = 4360.

Enough already? Phew. The main thing is that in minimization, the bottom row
qoefficients typically go in positive, the OzO column is now the OwO column, and the answer for
OwO will be negative, but will change back to positive in the end. Okay? Okay. Example?
Example:

OMinimize z = 5x+ 3%, subject to 2x+ 3% " 15 and 4x+ 2% " 8.0
First, the matrix:
X1 X2 X3 X4 Wans I've circled the things that make it different from the
1 0 15% standard max matrix, ie the positives in the bottom row (from
j & minimization) and the negatives in the columns (from the

0 & Ogreater thanO constraints).
0 0 108§

2 3
o2
#% 3



Now, I'll solve it for you, just so you can see all the steps. Remember we'll be pivoting using the
second method at flrst because of both the illegal variables.

23 -10 j 0421 j 227

##4 2 0 -1 88become%1 2 0 -1 8 . (still has an illegal solution aty
% 30 0§ 2 0 5 4140

04 -2 j 22 ] 8 0 -2 3 j 6

4 2 -1 8 become%4 2 0 -1 8 . (still has an illegal solution agX
0 2 54|4o $4 0 0 6 4148

é802336 8 02340 6/

$4 2 0 19 8. become%4 6 -2 0 0 30, .

$4 0 0 6 4|!48'& $2 0 4 0 41603

At the last matrix, all solutions are legal B and, we have no negative indicators! So we're done. x
=5, x = 2, and since z = -15, that means w (which is Bz) is positive 15. Ta-da!

4.5 Equality constraints

We've dealt with almost everything they can throw at you, but one hurdle remains. What
do you do with constraints that read something liket32x = 15? At first glance, I'd say
OnothingO, because we obviously don't need a slack variable or a surplus variable B we already
have equality. The problem with not adding a variable is that it messes up the simplex method. If
you don't put one in, you don't have that neat identity matrix when you set up the first matrix,
and the solution won't come out right from a matrix like that. So we add what is called an
Oauxiliary variableO, symbolized Oa0,0r, &, if you have several (you rarely will). The
auxiliary variablenust equal 0. We know this because 3% 2x = 15 is true, so if 3x+ 2% + a
=15 is also true then a must have no value. Okay? Okay. So we set up a matrix:
X1 X a X% z ans At first glance this matrix looks okay, until you notice that
3 2 1 o ¢ 158 the solutions read that a = 15. Now, | have supreme confidence
ﬁ4 2 0 1 j 188 that a is supposed to equal 0. In past sections this was called an
# & illegal solution, and caused us to use the second pivot method.
#6 -4 0 0 1 0§ Well, guess what D same here.

For the most part, the illegal solution from an auxiliary variable is treated just the same as
a negative solution. There is one difference, which I'm rather fond of, and that is as follows:

When 0aO ceases to be a solution, in other words when there are numbers throughout the
column (in which case we assume the variable in question equals 0), we need to prevent it from
ever coming back. So, at the point when that happens, just cross off the whole darn column and
ignore the fact that it ever existed for the remainder of the problem. I told you it was fun.

Here goes, on the problem above:

! ! $
i3 2 10 d158 p 2 4 30 63
fa 2 0 1 018¢becomest 2 0 1 018§
#6-400]]0& #)2032|54§

Note that | am using thé®method to find pivots, because | have an illegal solution a = 15. In
the second matrix, | have a = 1.5, so | will use the same method.



;p24-3o‘6§ @2\1-306%
& \ &
% 2 0 1 0188becomes§4 0 4 0128

2 0 3 254 #)o{i\02|60§
In the last matrix, there are no illegal solutions P since a is now assumed to be 0
(correctly), | cross it off completely. There are no further steps in the problem, since there are no
illegal solutions and no negative indicators. The answer#s3 % = 3, z = 20.
If, however, there were more steps to this problem, the fact that I've crossed off a would

guarantee that it would not return to the set of solutions.



6.1 Basic Vocabulary of Statements

Part 1. Statements

A statement is a sentence that makes a claim which can be true or false. So, the statement
02 + 2 =40 is a statement; OThe sky is a weird green color todayO is also a statement. However,
OGo to your room!O is not a statement because it can not be true or false.

A compound statement combines two statements together. The two statements are called
component statements; the joining words, calledonnectives, can be words like OandO, OorO, and
OifEthenO. The word ObutO is technically a connective but should be rewritten as OandO.

Some compound statements:

| am going to the movies and you are not.
You are ugly and obnoxious. (Note that this is actuallysthgements OYou are
uglyO and OYou are obnoxiousO combined.)
John went to the mall, or the movies.
If you call me, (then) | wonOt answer.
Some non-compound statements:
| readThe Sound and the Fury in two days.
| want to play OTruth or Dare!O

The OorO connective in mathematics is an Oinclusive orQ, meaning that either the first or
second statement, or both, could occur. So, if John went to a movie theétiee mall, that
would not make the third statement false.

Part 2. Negations

Thenegation of a statement is when you put a OnotO in it, or remove a OnotO that is
already there. It is necessary to be careful with these; itOs not the same as an opposite. So, the
negation of Ol was earlyO would be OlmesarlyO; the negation of OYou arenOt very niceO
would be OYou are very nice.O The negation of Ox < 50 could be either Ox is not less than 50 or
Ox" 50. A negation will always have the opposite truth value from the original statement: if one
is true, the other must be false.

It is also possible to write a negation as a sentence beginning Olt is not the case that
[insert original statement here]O, as in Olt is not the case that | was early.O For trickier negations,
this can be the way to go because it always works.

Writing negations can also be difficult when you throw in OquantifiersO, words like OallO,
OsomeO, or OnoneO. Some help follows:

All dogs go to heaven negates to Some dogs donOt go to heaven.

Some dogs go to heaven. negates to No dogs go to heaven.

No dogs go to heaven. negates to Some dogs go to heaven.

Part 3. Symbols
Typically we use OpO and OgO to stand for statements. If we have more than 2 statements
we recruit more letters, but we always start with p and g. The symbol for Oana@@dghe
symbol for OorO is The symbol for OnotO is ~. The symbol for an OlfEthenO statement is an
arrow# .
So, if p represented the statement Ol am a dogO, and g represented Oyou are sillyOE
p " g would mean Ol am a dog and you are silly.O
p * ~g means O(Either) | am a dog, or you are not silly.O
~p# q means OIf | am not a dog, then you are silly.O




6.2 Truth Tables and Equivalents

Part 1. The basics

The truth or falsity of compound statements can be judged using a truth table. The more
complex the statement gets, the more necessary the truth table is! The truth table analyzes the
truth of a compound statement based on its component statements: if p is true and q is false, and
So on. Here are two examples:

p qa | p'q p q p- g
T | T |7 T T | T
T | F | F T F | T
F | T | F Fl T | T
F | F | F F| F | F

The left hand table says that, in order for Op and qO to bimtfue,and q have to be
true. (duh!) If either is false, the compound statement is false. For Op or qO on the other hand, if
either statement is true B or both, as mentioned above b then the compound statement is true.
Note that every possible combination of p true/false and g true/false is used.

Part 2. Given truth/falsity

Now suppose you know that p is true, q is true, and r is false. You can analyze the value
of (~p~ q) " r. How? IOm glad you asked.

Start with the parentheses. If p is true, then ~p, Onot pO, must be false. Q is true, but (~p
q) is still false becaudatn ~p and g would have to be true. So | have a false statement joined
with OorOV) to another false statement (r). So, the whole compound is false.

Part 3. More complex truth tables

Now letOs try a truth table for the more complicated statementdp” g. We still need
only 2 variables B p and g. Then weOll be looking at the statement in parentheses, then the whole
statement. So here goes.

p | g | ~g | p"~g | (p"~a)" q
T T F F T
T F T T T
F T F F T
F F T F F

Note that the negation in column 3 merely changed the value of q in column 3. The OandO
statement was only true when its components (p and ~q) were both true B in line 2. The OorO
statement was true when either component'®~q), or g, was true b which happened
everywhere except in line 4 when both were false.

Some truth tables involve three (or more!) variables. LetOs look at the statement in part 2
above: (~p' q) " r. The table here will be much longer because we need all possible
combinations of p, gnd r, which means a total of 8 possibilities instead of 4.

p q r ~pl| ~p-g (b Q)" r
T T T F F T
T T F F F F
T F T F F T
T F F F F F
F T T T T T
F T F T T T
F F T T F T
F F F T F F




The main thing to note in this longer table is the patterns used to set up the p, g, and r
columns to make sure that all 8 possibilities were accounted for.

Part 4. Equivalency and DeMorganQOs Laws

To verify if statements are equivalent (ie, they have the same truth value), the best thing
to do is set up a truth table for each and show that the truth tables are the same. HereOs an
example:

Verify that ~(p~ q) is equivalent to ~p ~q.

I g |p g-~P ||l ~p | ~q ~p" ~
T T T F F F F
T F F T F T T
F T F T T F T
F F F T T T T

Since the two OanswerO columns came out exactly alike, we can say the two statements
are equivalent. In mathematical symbols, this would be written €p= ~p * ~q, with the
middle symbol being read Ois equivalent toO. This statement is actually an important statement in
logic (and electrical engineering), one of the two DeMorganOs Laws. They are:

~(p" g)=~pv~q and

~(p" q=~p" ~q.

| always remembered these as a sort of screwy form of the distributive property, but they
also make plain common sense in a pinch. Let p represent Ol am tallO, and q represent Ol am
pretty.O The first law says: Olt is not the case that | am tall and prettyO is equivalent to, Oeither |
am not tall, or | am not pretty (or | am neither).O WellE that works! The second law says: Olt is
not the case that | am pretty or tallO is equivalent to, Ol am not pretty, and | am not tall. O How
depressing! But it still works!

6.3 Truth Tables and Conditional Statements

So far weOve been working with OandO and OorO. But the OifEthenO connective of
conditional statements can also be true or false, and it tends to come up a lot in daily life. Here
are some examples of common statements and their re-writes as conditionals.

YouOll be okay if it rainsBf it rains, then you’ll be okay.

All men are pigsEif you re a man, then you re a pig.

No physicists are that stupid&.you re a physicist, then you re not that stupid.

Nobody likes meEfyou re a person, then you don 't like me.

In any statement, the OpO part (the one immediately following the OifO) is called the
antecedent. The OqO part is called thesequent. So, in the statement OIf itOs raining, then itOs
wet outsideO would have an antecedent of OitOs rainingO and a consequent of OitOs wet outside.

In general, we assume that a statement is true unless the p part is true and the promised q
part is not true. For example, a politician who promises, OIf | get elected, I0Il fix this problem,O
would only be lying if he got elected and did not fix the problem. Similarly, the statement OIf an
animal flies, then itOs a bird,O is false in cases where an animal flies but is not a bird P like bats,
insects, flying squirrels, or people in airplanes. So the truth table #or ip looks as follows:

P | q | pH#a It can be very confusing to label the statement as OtrueO

T T T when the OpO part is false. This happens because we can not
T F F judge the statement at all if p is false (if the politician does

F T T not get elected, we have no idea of knowing what would

F F T have happened), so rather than judge it OfalseO offhand, we

just call it OtrueO. ItOs kind of the mathematical equivalent of Oinnocent until proven guilty.O



As an example of a complex conditional truth table, letOs look at the statem@iti(q
(P~ ~q).

o q ~q| gq"p p" ~q (" p)# (p ~q)
T | T F | T F F
T F T T T T
F | T F | T F F
F F | T F F T
Now, letOs look at the same conditional statement, written the other wayg (q "~ p).
D q ~q| p" ~q q-p (bAr~a)# (9" p)
T T F F T T
T F T T T T
F | T F F T T
F F | T | T F T

This unusual result, called a OtautologyO, means the original statement was always true.
The word OtautologyO is often used insultingly by people arguing about logic B saying OthatOs a
tautologyO usually means, Obut thatOs so obvious, it was stupid of you to bring it up at all.O So
letOs look closer at the second statement and see why itOs always true. It reads,

If p is true and ~q is true (ie, q is false)E

If p is true and q is false, then either g or p must be true. Well duh, we already said p was
true! Yep, thatOs a tautology all right. Typical!

To negate a conditional statement, one writes it as an OandO statemerg@pNote
that this was the requirement fo#pq to be false, so it makes sense that it would be the
negation of the conditional.

6.4 More Conditional Forms

So far weOve been studying p. But there are other forms of tisistement which also
have a role. They are as follows:

Statement: g q. If itOs raining, then itOs wet outside.

Inverse: ~p# ~q. If itOs not raining, then itOs not wet outside.

Converse: dt p. If itOs wet outside, then itOs raining.

Contrapositive: ~¢¢ ~p. If itOs not wet outside, then itOs not raining.

You may have noticed already that the OinverseO and OconverseO stated here are not true
it can be wet outside for a multitude of reasons P like sprinklers or a heavy fog D that donOt
necessarily mean itOs raining. However, the statement and contrapositive here are both true.
While | wonOt prove it with truth tables (you can if you want!), it is a fact that

the inverse and converse are equivalent, and

THE STATEMENT AND CONTRAPOSITIVE ARE EQUIVALENT.

Why the crazy caps? Because this is one of the most important and useful facts in logic.
1tOs also among the more problematic, when people get it mixed up. In particular, it can be very
tempting to say that the converse or inverse must be equivalent to the conditional statement, but
this is emphatically not the case. For example, if one person says, OIf youOre smart, then youOll
get rich,0 and another argues, OthatOs not true, a lot of dumb football players are rich,O that is a
poor logical rebuttal. Just because a dumb person is rich doesnOt mean that smart people are not.
This person is trying to use the converse. A better rebuttal would be, OthatOs not true, Einstein
wasnOt rich,0 because that involves a case where p is true and q is false.



One can also write &conditional statement by combining the statement and its
converse. This would only be done if they were both true. So, the statements

If itOs a right angle, it measures 90Y

If an angle measures 90%, then itOs a right angle
could be combined intdn angle is a right angle if and only if it measures 90°.

Symbolically, this would be written &= . In order for a biconditional to be true, both
p and g must be true, or both must be false. If p was true and g false #hgmwpuld be false;
if p was false and q was true, the# gp would be false.

6.5 Logical Arguments

One of the more powerful laws of logic is they of transitivity, aka thelaw of syllogism. This
says that if gt qistrue, and ¢ ris true, then g ris true. In other words, you can combine
statements together to come up with new statements. (This is basically what OproofsO were in
geometry.) So, for exampleE
If itOs cold, then 10l wear a coat.
{If | wear a coat, then my shoes wonOt match my ouitfit.
Therefore, if itOs cold my shoes wonOt match my outfit.

There are two other useful laws:
The law ofdetachment. p true, and g¢ q true, means q is true.
The law of thecontrapositive: p# q true, and g false, means p is false.

There are also two fallacies (false conclusions). The reason these fallacies merit a title, in spite of
the fact that they DO NOT WORK, is that people who are not skilled in logic B and some who
are! B use them occasionally on accident because they are so tempting. Here they areE
Thefallacy of the converse: If p# qis true, and q is true, pN®T NECESSARILY true.
Thefallacy of the inverse: If p# q is true, and p is false, QN®T NECESSARILYfalse.

So, letOs say the statement in questidfiiiss raining then it’s wet outside.
If 1 tell you itOs raining, you know itOs wet outside.
If 1 tell you itOs not wet outside, you know itOs not raining.
BUT, if I tell you itOs not raining, you canOt conclude whether itOs wet out or not.
AND, if I tell you itOs wet outside, you canOt conclude whether itOs raining.
Any valid logical argument (in this class) must be built from a combination of the laws above --
transitivity, detachment, and contrapositive B while avoiding the fallacies. Any argument that
uses a fallacy or uses other logic than the three laws jis@id or false argument.

The best way to build a logical argument is to translate any Oif-thenO style statements into

explicit if-then form. Then, jot down the contrapositives (itOs okay to abbreviate) of those
statements. If you have a statement thatOs not if-then, start with that and start stringing the arrows
together. If you donOt, then string the arrows together as you can, and your final argument will be
in if-then form. You must use all the clues. Here are some examples.



Example 1:

If you do your homework, youOll get an A.

If your parents are unhappy, then you didnOt get an A.
If youOre smart, youOll do your homework.

statements contrapositives
hw# A no A# no hw
parent¥o# no A A # parentss
smart# hw no hw# not smart

Note that there are no straight statements to begin with B itOs all a bunch of if-thenOs. Which is
fine. 10l start with one that doesnOt have a double, like smart.

smart¥ hw# A# parentss

Conclusion: If youOre smart, your parents will be happy. Hooray!

You could also get, If your parents are unhappy, then youOre not smeoh{tapositive).

Example 2:

If you work hard, then youOll succeed.
If you donOt succeed, try try again.

| work really hard.

Statements contrapositives

work hard# succeed no succeed no work hard

no succeed try try again no try try# succeed

work hard (not an if-then, so it doesnOt have a contrapositive.)

The last sentence is just a statement, so IOIl start there.

work hard# succeedt E it doesnOt go forward. It would be tempting to state that | wonOt have
to try try again, but that would require using one of my two fallacies, which is not legal. So |
wonOt. 101l just state that there is no valid conclusion from these statements.

Example 3:

If you build it, he will come.

If you have the money, then you will build it.
He will not come.

statements contrapositives
build# come no come# no build
money# build no build# no money
no come (not an if-then)

The last sentence is just a statement, so IOIl start there.
no come# no build# no money.
Conclusion: You donOt have the money. So sorry!



7.1 Sets
Part 1. Sets

A set is a collection of objects. In math, it is usually a collection of numbers. Sets are
sometimes created by their usefulness, like the idea of the set of natural numbers; or because
they are the solution to a problem, like Othe set of answet®t8%+ 3x B 10 = 00; or because
someone for unknown reasons decided to make up a set, like this: {&, 828, -8, e, 4+3i}.

Woo hoo! | made a set.

Sets are represented by capital letters, so A, B, C, D, etc. are all names for sets. There are
some special ones; for example, R is often real numbers, Z is integers, and | or J can be complex
numbers. The one that is most special is U. U is chosen by the mathematician creating or solving
a problem, and it represents the universe, which is the larger set of numbers from which the sets
in question are pulled. For example, the sets A= {1, 4, 7, 10, 13, E}and B={1, 3,5, 7, 9, E}
contain only natural numbers. They don't contdirthe natural numbers, but that doesn't matter.
| can say the universe, U, is all natural numbers. Note that these numbers also happen to be
integers, so | could also say U = integers. They're also real numbers, so | could say U = real
numbers. The choice of the universe is up to me, the mathematician.

The universe is usually not significant, but it can be. For example, in the second set
mentioned in the first paragraph P the solution to that cubic equation B it would be helpful to
know if you needed the real answers only, or the complex ones too. Is the universe reals or
complex numbers? You'd have to ask the person who created the problem.

Although sets are represented by capital letters, there are many ways to describe what's in
them. Here are several different ways to describe the same set:

1. Byits elements: {1, 2, 3, 4, E}

2. By a verbal description of its elements: {positive integers}

3. By a mathematical description of its elements: /g X, x > 0}

The last one is obviously the most complicated. You may have seen these symbols
before; the vertical line is read Osuch thatO; the greek-looking E thing means Ois an element ofO
(we'll learn that officially in a second). So the whole thing is read, in order, Othe set of all
numbers x, such that x is an element of the set of integers, and x is greater than 0.0 Obviously the
symbols are faster than writing all that out. In this case you'd probably use the first or the second
because this set is a simple one. The more complex it gets, the more likely mathematicians are to
use the third.

| do need to warn you about using an ellipsis, the three dots which represent continuance.
Be careful about two things:

¥ It takes at least 3 numbers to establish a pattern: {1, 2, E} could mean 1, 2, 3, 4, etc. or
it could mean 1, 2, 4, 8, 16, etc.; in order to use ellipses | would need to first list 3 numbers. In
more complicated sets, it might take many more than 3 numbers. If | wanted to list the set of all
numbers that can be divided evenly by 2 or 3, I'd probably have to write a lot, like this: {2, 3, 4,
6, 8,9, 10, 12, 14, 15, E} so that the person reading it could have a chance to figure out the
pattern.

¥ The ellipsis really does mean the pattern continues forever! If you want to describe a set
that is not infinite, you have to include the end number. For example, the set of natural numbers
1 to 15 would be {1, 2, 3, E 15}. In addition, remember that the set {1, 2, 3, E} does contain
numbers like 18, 91, and 42,000,032, even though the numbers listed are much smaller.



Part 2. Symbols: Describing Elements

Here are some symbols which mathematicians use to describe the elements of sets.

€ means Ois an element ofO. The statemeni¥OBmeans the number 3 is contained in
the set A.

C means Ois a subset ofO. The stateme@tBiAmeans everything in A is also in B.

= means OequalsO (really!?). OA = BO means they have the exact same elements. You me
also see the symbeslused for this, which reads Ois equivalent toO. Note that
order does not matter; i.e. {3,4,5} = {4,5,3} because they have the exact same
elements.

To negate any of these symbols, draw a line throughriteans Ois not an element ofO;
¢ means Ois not a subset ofO amgéans Ois not equal toO.

One more symbol of importance is the symBolt means Othe empty setO and can also
be written { }, like an empty set. It is a set with nothing in it.

Two facts, odd but useful:

1. The empty set is a subset of every set. This is a weird one; how can every elénent in
be in another set? It doesn't have any elements. This comes from logic (chapter 6) which says
that if you have an if-then statement and the first part is false, the statement is considered true.

2. Every set is a subset of itself. This is more clear given our definition of OsubsetO.
However, note that we write subset@svhich contains a little equal sign beneath. You might in
future courses see it written @sno equals sign, which means the subset is smaller than (can't be
equal to) the set itself. In other words, if you §g¢his second fact is not true.

One interesting pattern is the number of subsets that can be created from a set. Let's say
the set is the empty set B no elements. It has one subset (itself). If a set has one element, then it
has two subsets, the empty set and itself. If a set has 2 elements, let's say {1, 2}, then it has four
subsets: itself, the empty set, {1}, and {2}. If a set has 3 elements, it has 8 subsets; | won't list
them. The pattern continues.

0—1 This pattern, though it's obvious how to continue it, needs a formula so
1—-2 you can answer questions about a set with 100 elements without
2—4 continuing it to 100! Though you could figure it out, I'll give it to you:
3—8 the formula is 2, where n is the number of elements in the set.

4— 16

Part 3: Symbols: Describing Interactions Between Two Sets

Here are two more symbols, used to describe the interactions between two (or sometimes
more) sets:

U means OunionO. It is a new set created by combining the elements of the two sets involved.
This new set would be described asl®OBO. Union is associated with the word OorO in math
(because it contains everything in A or B or both), but can also be thought of as Ocombined
withO.



N means OintersectionO. It is a new set created by taking the elements in both sets P the element
they share, or have in common. The new set would b@ BA. Intersection is associated with
the word OandO, because it contains stuff that is in both A and B.

Here's an example. Let's say A={1, 4, 7, 10, 13, E}, and B={1, 3,5, 7, 9, E} Then,

AUB={1,3,4,5,7,9, 10, 11, 13, E}

ANB={1,7, 13,19, E}
I'd like you to notice two things | did, associated with the use of ellipses. The first is, note that
the union contains a lot of numbers to help establish the pattern. One of them is 11, which
doesn't actually show up in the list for either set, but is contained implicitly in B. The second is,
note that the intersection contains 19, by implication in both sets. | didn't need to include more
numbers because the pattern is easier: add 6 each time.

One more symbol.

A", read OA complementO, means the elements that are not in A, but are in the universe.
Obviously this depends on what the universe is. Let's say the universe is natural numbers, and A
is the same as above. Then A'={2, 3,5, 6, 8,9, 11, 12, E}.

7.2 Venn Diagrams

Part 1. What is a Venn diagram?

Venn was a mathematician whose only claim to fame, as far as | know, was to create a
graphical method which described the concepts we learned in 5.1. These graphs are called Venn
diagrams, in his name. The good news is, it's a pretty good claim to fame because the diagrams
are extraordinarily useful in solving complicated intersection-and-union problems, and in
proving statements involving intersections and unions. Here are two Venn diagrams, with the
basic parts drawn in:

B C

Note that in both diagrams, the first involving 2 sets, the second involving 3, there are
some common elements. The first is the box around the set. This box represents the universe. It
is not just a frame or border D it often plays an active role in the problem. Inside the box are
circles representing sets, labeled with appropriate capital letters. The sets overlap in the center.
The one with 3 sets has several overlaps b there are 3 places where 2 sets overlap without the
third, and an additional place where all 3 sets overlap. These overlaps are the intersections of the
sets because they contain points that are in both sets. The union would be everything in either
circle, including the intersection -- the contents of the two sets combined.

Also note that it doesn't say what the sets are. In Venns this usually is not the question.
The question is usualkow many elements are in A, or B, or AN B, etc. So if | put a number
into one of the spaces, that doesn't mean that the number itself is in the set; rather, it means, that
the space contains that many elements.



Here are the basic shadings, in the 2 set diagram:
ANB AUB A

Okay. A couple of tricky thingsg

¥ A is theentire circle of A. The set A, and the number of elements in it, includes the
overlap.

¥ In the 3-set diagram, the set A would include not only the part that is in A alone; it also
includes the intersection of A with B, of A with C, and the intersection of all 3 sets.

¥ B'is everything that is not in B. If you shade in B', the entire box will be shaded except
for the complete circle where B is.

Part 2: Shading 2-set Diagrams

The first thing in Venns is to get practice identifying what various combinations of the
symbols look like on the diagram. We've seen the basics above. Here are some examples of more
complicated problems.

Example 1: ANB'
M Shade in each part of the problem separately. I've shaded
—\ in A using horizontal lines, and B' using vertical lines.
— \ Then, look at the symbol. If | want the intersection, it
] means | want the place where the shadings overlap.
The answer will be the crescent of A b the part shaded in

| this small diagram @

Example 2: (A U B)'

1

This one is different because of the parentheses. Just like in algebra, I'll do the
parentheses part first. | know what AB looks like.

@ The outside symbol, however, is complement. So, my answer will be the

opposite of what | had above D everything unshaded is now shaded.

There are other methods to do this besides shading. One is a verbal method. If you're
good at verbal logic, this may be better for you. A quick interpretation goideeans "and"y)
means "combined with" or "or"; ' means "not", or "the opposite of". So the first example above
would read: "stuff that is in A and not in B." The answer shows this. The second example would
read: "the opposite of (the stuff in A combined with B)".



Part 3: Methods for 3-Set Diagrams

3-set diagrams are more difficult for the obvious reason that there are 3 sets instead of
just 2. Here is one example: "Shade inJAB N C")". Even the problem looks more difficult!
I'll show you 3 different ways to do it; you get to choose which one you use.

Shade in A' U (B NC')

Method 1: Shading

1. I'll start with the parentheses. Shade in B, shade in C'.

2. Then, I'll find the overlap of those two shadings.

3. Now that | know where that is, I'll figure out where A' is.

4. Now, because of the union symbol, I'll combine step 2 with step 3. The answer results.

1. ,»—H 2. 3. 4.

=V

Method 2: Verbal

When | translate the statement above, it reads "stuff that is not in A, combined with stuff that is
in B and not in C".

1. Again, | start with the parentheses. | look for stuff that is in B, but not in C.

2. Then, I look for stuff that is not in A.

3. Then | combine them. Note that the answer is the same.

1. 2. 3.

&

Method 3: Numbering

This is my favorite method for really yucky problems. | also use it to check my work if
I'm not really sure | did it correctly, because there is no way to screw this up without doing
something quite silly.

The method begins by numbering each region. The way you number is entirely up to you.

Next, | write out the sets as the numbers they contain. A ={1, 2, 3, 4},
B=1{2, 3,5, 6}; C={3, 4, 6, 7}. The universe, which is all the numbers in
the diagram, is U ={1, 2, 3, 4, 5, 6, 7, 8}. Now, | number crunch to get the
stuff | really want for the problem E

&5

8 A'={56,78:B={22356)C ={1 25,8}

First, the parentheses.BC' = {2, 5}; just like 5.1.
Sothen AU (BN C)isjust {5, 6, 7, 8J {2, 5}, which is {2, 5, 6, 7, 8}.
For my answer | just shade in those numbers on the original diagram,
shown at right. Note that the answer is the same.




Part 4: How many elements in each section?

1. So simple

As explained earlier, one of the most common uses of Venns is to figure out, based on
given information, exactly how many elements are in each section of the diagram. The symbol
for this is n( ), meaning Onumber of elements in __O. | could say n(A), @rB)r n(A'U (B
N C"). It just means the total number of elements in that region.

The first key when working with these is to work from the inside out. The reason is that,
as you will remember from above, when we count the number of elements in A, we have to
include the intersection. So if | tell you that n(A) = 30, you donOt know how many of those are in
the intersection, and canOt put anything onto the graph until you do know. HereOs an example:

n(A) = 40
n(B) = 20
n(A N B) = 10

Start by filling in the intersection: 10 goes in the middle. Then,
since A has to total 40, there will be 30 in the crescent-shaped
region of A that doesnOt include the intersection. Since B has-te
total 20, there will be 10 in the crescent of B.
| can make it a little more difficult by involving the universe; all that means is that youOll

have another number that goes in the region outside the sets but inside the box. No problem. For
example, take the previous problem but add one more line: n(U) = 65. On the graph now we have
a total of 50, so that means that there are 15 other elements in the universe (the box), that are not
contained in the sets (the circles). Place a 15 for the remainder of the universe, somewhere in the
box but outside the circles.

2. Less simple

One trick that is often used in solving these problems is called the Ounion ruleO. This is
used in 2-set problems when you are given the number in the union but not the intersection. It
works on the following principle. LetOs say you know that n(A) = 40, n(B) = 60, and BfA
70. Obviously, if you add A and B you get a number larger than the union, because A and B both
include the intersection. YouOre effectively adding the intersection twice. However, since n(A) +
n(B) = 100, and n(AJ B) = 70, you know that the intersection must be 30, since counting it
twice puts you 30 over the result if you only counted it once. HereOs the union rule,
mathematically:

n(A U B) =n(A) + n(B) b n(AY B).

DonOt forget that you can use this in other situations! For example, if you know what n(A
U B), n(A), and n(AN B) are, you can figure out n(B) without having to graph if you donOt want
to. However, itOs most useful for the situation described above.

There is a union rule for 3-set diagrams, but itOs also my favorite extra credit problem, so
IOm not going to lay it out for you.

The only loop they can throw you on top of these, is they can give you a funky region; for
example, they can say, OngaB') = 150. That's why we did the whole previous section B so you
know how to figure out what that region looks like. These problems tend to be a little complex
and take some logical thinking, but there's really no way to make them extraordinarily difficult if
you know how to do the previous section correctly.



7.3 Sample Spaces in Probability

YouOve worked with probability before. Whether you remember this exactly or just
instinctively, you probably know (ha ha) that probability is defined as follows:
Probability that event x will happen= # of ways x can happen
total # of possible outcome
So, rolling a die and getting a 3 has a probability of 1/6, because thereOs only one way to
roll a 3, but there are 6 possible outcomes you could get. So far so good.

In simple probability, which is probably (ha ha) all youOve worked with to this point,
there isnOt much difficulty in figuring out how many ways something can happen. 1tOs usually (ha
ha) pretty obvious. But sometimes it isnOt, and so there is a concept called a Osample spaceO,
which is really just a list of all the possibilities involved. Here are some easy ones:

Sample space for E

Rolling adie ={1, 2, 3, 4, 5, 6}
Picking a day in June = {1, 2, 3, E , 30}
Flipping a coin once = {H, T}
These are all pretty dumb. Here are some tougher ones:
Choosing 2 of 3 puppies (call them a, b, and c) = {ab, ac, bc}
Genders of 3 children = {ggg, ggb, gbg, bgg, bbg, bgb, gbb, bbb}

The last one is a fairly commonly seen type of sample space. It involves not just one
experiment, but a repeated experiment; it could also be flipping a coin 3 times, or checking wind
direction 3 times, or asking 3 people if they like chocolate. | purposely chose to make order
matter B | didnOt use {3g, 2g1b, 2blg, 3b} D because in an ideal sample space all the events
should be equally likely; you can see from the correct sample space above that 2b1g is more
likely than 3g, for example.

Note that all of these so far have been written in set notation. HereOs an example of a
sample space picking a letter between A and D and a number from 6 to 9:

_—6 _-6 — b _—b6
~ 7 ~ 7 ~ 7 —
—3 —3 — 3 —s
>S9 >S9 >S9 S

As long as you can interpret the sample space and count the number of elements in it, you
can write it however you darn well want.

One last sample space that always throws people off, is the samplé on die 1
space for rolling 2 dice simultaneously. If youOve ever donethis_ 1 2 3 4
youOll know that the probability for getting a 7, for example, is 1 3 4
higher than that for a 2 or a 12. The reason for this is more cléar 2
when you see the sample space: on 3

We have to create this sample space because if we usé&dhke
simple one {2, 3, E , 12}, the probabilities will not be equal. 2 5 10 11

YouOll use the 2-dice table for a lot of problems in the futurg 7 1819|110 11 12
so remember where to find it. Of course everyone alwaysgha Sums
forgets, so | wonOt blame you if you do too. At least | probably wonOt.

When writing probabilities, you have a choice between fractions, decimals, and percents.
| donOt care which format you use, but with future teachers itOs always a good idea to ask.
Mathematicians tend to steer away from percents because theyOre really a silly thing invented for
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the mathematically incompetent public (I think?), but you donOt have to steer away if youOre one
of that public.

Fractions have the advantage of being exact. If you get a probability of 12/52, | can look
at that fraction and know two things: 1. 1tOs not rounded off, so there is no potential error from
rounding. 2. From the number 52 on the bottom, | can be reasonably certain just from looking at
the fraction that youOre working with a deck of cards. For this reason | also donOt care if you
reduce. | like seeing the 52 on the bottom E but again, you can do whatever you want.

Decimals have the advantage of being easy to combine. The corresponding decimal,
.2308, to the fraction above is rounded and has nothing to do with 52 at first glance. But if | want
to add it to a probability of .5 and subtract it from a probability of .75, | can do that much more
easily than | can add 12/52 to 1/2 and subtract it from 3/4. The other advantage of decimals is
that theyOre easier to compare. |, personally, have a better idea of what .42 looks like than
67/158. 1tOs easier to do greater than/less than with them and easier to get a handle on how big
the probability actually is B and remember the whole point of probability is to find how big it is!

What it comes down to, is do whatever you want. Just try to be consistent. Most people
have a preference; mine is fractions; you be your own person.

7.4 Mutually Exclusive Events; Combining Probabilities

1. Mutually Exclusive; translating words into symbols

Obviously, the next step in probability is to figure out not just the probability of one
event occurring, but the probability of two or more events combined together. For the purposes
of this, itOs necessary to determine whether the two events are mutually exclusive.

Mutually exclusive events are events that CAN NOT both happen at once. There is no
overlap between them. Here are some examples:

are mutually exclusive are not mutually exclusive

¥ rolling a 1 or a 2 on a single die ¥ rolling a number more than 2 or less than 4
¥ owning a car or not owning a car ¥ owning a car or a truck

¥ being male or being female ¥ being blonde or being smart (ha ha)

¥ drawing a red card or a black card ¥ drawing a red card or a face card
While you do have to use some critical thinking, donOt stretch it too far; for example, on
the male/female question, it is of course medically possible for there to be some confusion, but
for the purposes of this class weOre not going to concern ourselves with such uncommon events.
Now that you know whether things are mutually exclusive or not, IOm going to remind
you of something we learned in Venns, which is the verbal interpretations of intersection and
union: Intersection = OandO (meaning at the same time)
Union = OorO (meaning combined with)
Complement = OnotO
These are useful here because probability questions are almost always stated in verbal
terms, not mathematical terms. The concept of mutually exclusive also showed up in Venns b it
means that A0 B = J; in other words, there is nothing in the intersection of A and B.

2. Combining Probabilities

If events A and B are mutually exclusive and you want to find the probability that A or B
occurs, you just add the probability that A occurs, symbolized P(A), and the probability that B
occurs, P(B). So the probability of rollinga 1 ora 2 on adie is 1/6 + 1/6 = 2/6. So easy.

If events A and B are not mutually exclusive, however, that means that they have an
intersection. If you just add P(A) + P(B), you end up adding the intersection twice. To fix this,
you can just subtract the probability that the intersection occurs, and youOll get the answer. So the



probability of drawing a red card or a face card from a deck is P(red) + P(face card) b P(red face
card), which is 26/52 + 12/52 b 6/52. The answer, then, is 32/52.
Here are the two equations in compact form:
¥ M.E. events: P(A B) = P(A) + P(B)
¥ non-M.E. events: P(A B) = P(A) + P(B) b P(A B)

The equation for non-M.E. events should look familiar. 1tOs just the union rule from Venn
diagrams which we learned in 5.2. In fact, Venn diagrams often make probability calculations a
lot easier. If you get a problem which gives you, or asks about, stuff like" PBA' just stick it
on a Venn; use decimals instead of numbers (remember this is P(A), not n(A)!); then it's pretty
easy from there. Usually.

3. Complement rule

This rule seems very obvious and stupid, and it is, but people always forget it when it's
useful. I'll keep reminding you about it. The complement rule says that P(A) + P(A") = 1. In other
words, either A happens, or it doesn't. Sounds sort of Zen-like in its sheer obviousness. But,
particularly later on this chapter, and in your future math courses if you take them, it can be
extremely useful. The reason is that sometimes it's easier to calculate P(A") than P(A).

For example, if you needed to calculate the probability that a card drawn from a deck is
red, or a face card, or less than 9, that's pretty complicated. But if you notice that the complement
is black cards numbering 9 or 10, that's pretty easy! The complement is 4/52. Now, | can just
subtract from 1 to get the probability | want, which is 48/52.

If | calculate the problem forwards instead of backwards, it would look like this: (26/52 +
12/52 b 6/52) + 32/52 b 16/52 = 48/52. Hey, you choose your method.

4. Odds

Whenever | used to watch the Kentucky Derby, | always wondered what 7:2 odds meant.
| know it's pretty good, but | didn't know what it means in terms of probability (really, in
percentage of betting people who think that horse will win). Well, here's how you do odds:

To calculate odds when you know probability, write two fractions:

1. The probability that A occurs
2. The probability that A does not occur.

So far, let's say we're figuring out the odds of rolling a 6 on a die. We have 1/6 and 5/6.

Now, take the numerators and write as a ratio: 1:5 is odds for rolling a 6; 5:1 is odds
against. In horse racing, it's always odds against; in most other things, it's odds in favor.

We can work backwards with that Derby horse at 7:2 against. 7:2 means that we have 2
fractions, one with numerator 7, one with numerator 2. Since the fractions must add up to 1
(because of the complement rule), the denominator must be 9. So, according to the betting
public, the horse's probability of not winning is 7/9; the probability of its winning is 2/9, or .22.

5. Empirical Probability

One of the things that always confuses people about probability as a concept is that it is
probability. The fact that the probability of flipping heads on a fair coin is 1/2 does not guarantee
that if you flip it 100 times, you'll get exactly 50 heads. In fact, it's much more likely that you
won't get exactly 50. So how do we know that the probability is 1/2, and not something else?

The answer is that there is a difference between mathematical probability and empirical,
or experimental probability. Mathematical probability is artificial. It assumes that the coin
probability is 1/2, or that the die is equally likely to end up on any of its 6 sides. This is why you
often see the term "fair coin” B it means we're assuming it's an ideal coin, with probability 1/2.



Empirical probability is not something you can make up in your head. It's something
where you actually have to go out and do experiments or research on the probability. For
example, the probability that a person driving buy some guy in a wiener-dog costume will
actually turn off and eat at Wienerschnitzel, has nothing to do with some innate property of
wiener-dog costumes. The data is collected and probability calculated by someone who has been
paid to do that research.

In testing empirical versus mathematical probability, the easiest thing to do is ask
yourself if you already know the probability, or could figure it out without experimenting. If you
can, then it's mathematical; if not, then it's empirical.

7.5 Independent Events; Conditional Probability

1. Independent events

In the last section we learned the term "mutually exclusive", which described events with
no intersection. In this section, the key term is "independent”. Two events are independent if one
has absolutely no effect on the other. In other words, the probability of the second event remains
the same whether the first event happens or not.

Unfortunately, because the world is the way it is, it's really hard to find two events that
are, in fact, independent. Here are some that are not:

¥ Graduating from high school and graduating from college

¥ Eating your vegetables and having good health

¥ Smoking and getting lung cancer

These are not to be confused with mutually exclusive events! For example, it's possible to
graduate college without graduating high school. But if you do graduate from high school, you're
more likely to graduate from college than someone who didn't. That's all "dependent” means D
the occurrence of the first changes the probability associated with the second.

Independent events would be based on true randomness b like the probability of having 3
on your license plate, as well as the letter G; or the probability of rolling a 2 on a die after you've
already rolled a 2. The previous event has no effect on the probability of the second.

Most of modern science hinges upon this concept. Most things that have the word
"ology" on the end of them, plus chemistry and some parts of physics, are mainly concerned with
figuring out whether two events are dependent, or why. For example, the ongoing debate about
whether birth control pills are associated with a higher cancer risk or a lower one: the question is,
do birth control pills increase or decrease the probability of getting cancer (which would make
them dependent events), or is it the same probability regardless (in which case they're
independent)?

The problem is, a great many scientists do not know a whole lot about mathematics, or at
least not as much as they should. So here, in a mathematics textbook, is probably the best place
for this warning: the fact that two events appear to have a dependent relatilvashigy mean
that they actually do. Often, in fact very often, there is a third event, or a whole collection of
events, that affect both of the events you think are dependent. For example, with the birth control
pills: if you're taking birth control pills, it's probably because you're sexually active. If you're
sexually active, you're more exposed to STD's than people who are not sexually active. And
STD's are indeed, and very highly, associated with cancer risk. See what | mean? It could be the
sexual activity that causes both the pill taking and the cancer, so while pill taking and cancer
appear to be dependent, the fact is that they're both the results of something else.

One of the most disturbing examples of this kind of mistake came up when | was just
entering college, with the publishing of a book calléd Bell Curve. It sold remarkably well



and is still taken seriously by alarming numbers of people. | encourage you not to read it. The
claim made in the book was that African Americans are simply not as smart as white people, and
it showed all sorts of graphs of African Americans having lower 1Q's, lower college graduation
rates, and so on. It was very convincing, because they didn't lie; all their data was correct. The
mistake they made was in assuming that a person's heritage was the cause of the 1Q scores or
graduation. On stepping back it's obvious that a number of other factors, including the poverty
and social exclusion into which our society continues to push minorities, and the fact that the 1Q
tests themselves are written and scored by white people, are probably the real cause of the
associations made in the book. Please, never make this mistake; I'll never forgive myself for
teaching you about dependent and independent events otherwise.

2. "Given"

In this section we get a new symbol for dependent evié(s| F). The vertical line is
read "given", so the whole thing reads "the probability of E, given F". What it means, is the
probability that E will happen if you already know that F has happened. Also associated with this
is P(E | F), the probability that E will happen if you know that F did not happen.

The equation associated with P(E | F) is as follows:

P(E|F) = PELF)
PF)
In other words, it's the probability that both events occur, divided by the probability that
the "given" event occurs. The reason this works can be seen from a Venn diagram:
If we know that F has occurred, we no longer need to look at the rest of
E F the diagram. We just need to focus on the circle that represents F. In my
example, this is just the .7 total that is in F. Then, the probability that A
2 also occurs will be that .4 in the center. Therefore, the total probability

that A occurs, given that F has occurred, is .4 /.7, which is 4/7 or about .57. Note that this is the
same as the equation above: the probability of the intersection, divided by the probability of F.

3. Solving problems
There are all sorts of equations associated with conditional probability, but we're going to
learn how to solve these problems using a tree diagram. The problems will typically have 3 given
probabilities. One will be the probability of a single event happening. The other two will be
probabilities of the second event happening, depending on whether the first happened or not.
Here's an example: "The probability that someone owns a car is .8. The percentage of
them who own insurance of any type is .9, compared to .3 for those who do not own cars."
Note the probabilities. The first step is to figure out which one is the single event B which
is the .8, because it only talks about cars and not the relationship between cars and insurance.
This event happening or not happening becomes the first branch of my "tree", shown here:
First | drew just the top branch. | put the .8 on the
Y N Car? left because it is the probability that people do own a car. |
usually put "yes" on the left and "no" on the right, but |
.8 2 don't know why. But it's good to be consistent. Now, if .8
own cars, that means .2 do not, so that's how | got the .2 on
the right.
Y N Y N Ins? Now, there are 2 more branches regarding insurance
P one branch from people who do own a car (with .9 for yes
9 a1 .3 .7 and .1 for no), and one branch for people who do not (with
| | ] | .3 foryesand .7 for no).
72 .08 .06 14 The real numbers I'm concerned with are the



numbers at the bottom. To get these numbers, | multiplied the 2 numbers on the branches above
each single endpoint; so .72 comes from.&® Note that these "leaves” add up to 1, or 100%.

Okay, now we have the tree for this problem, so we can answer questions about it. Let's
say | want to know the probability that someone owns a car but does not have insurance. That's
yes-no on our tree; the leaf corresponding to it is .08. Let's say | want to know the probability
that someone does not own a car but owns insurance anyway. That's no-yes, and the leaf is .16.

The coolest thing is that you can use trees to reverse the conditionality. This tree was
based off of the probability that someone owns a insurance, given that one owned a car (or not) b
but we can also use the tree to find the probability of owning a car given that one owns insurance
or not. Pretty cool, huh? Here's how it's done.

Go back to the original equation, the one in section 2 above. We need to know the
probability that the intersection occurs b ie, owns a car and has insurance. Well, that's just .72.
Now we need to find the probability that a person owns insurance, regardless of the car. So we
add those .72 people who have insurance and own a car, to the .06 who own insurance with no
car. That's .78 people who own insurance. Now, just divide: .72/.78 = .92. That's it.

To find the probability that one owns a car given that they don't have insurance, find the
probability that one owns a car without insurance, which is the .08. The total people without
insurance is .08 + .14, which is .22. Divide .08/.22; you'll get .36. Ta-da!

Here's another example:

"The probability that a person goes to college is .6. Of those people who do go to college,
the probability that their children are successful in education is .8, a far cry from the .4 success
rate of children whose parents did not go to college. Please answer:

1. What is the probability that a person went to college but does not have successful children?
2. What is the probability that a person didn't go to college but still has successful children?

3. If you know a successful child, what is the probability that their parents went to college?

4. If a child is failing in school, is it more than 50% likely that parents did not go to college?

college?

\ / good kids?
2 4 6
|

. #1. College yes, kids no = .12
| #2. College no, kids yes = .16

48 12 .16 24 #3.kids successful = .48 + .16 = .64
college & success = .48
48/.64 = .75

#4. kids unsuccessful = .12 + .24 = .36
no college & no success = .24
.24/.36 = .67. Yes.



8.1 Permutations

If you have several independent events and want to know the number of ways they can all occur
at once, you will use permutations and combinations to do it. Both work off of an idea called the
multiplication principle.

Part 1. The Multiplication Principle

The multiplication principle comes in when you have several independent events going
on at the same time, and you want to know how many ways they can all occur. What you do is,
you find the number of ways the first thing can happen, then the number of ways the second
thing can happen, then the number of ways the third thing can happen, and so on. Multiply the
numbers together and youOll get the total number of ways to do all of them.

HereOs a real life example with California car license plates. They begin with a number,
then have 3 letters, then 3 numbers. Any letters or numbers may repeat. The first number is never
a 0. So here goes:

First number: 9 possibilities (1 B 9); each of the three letters: 26 possibilities; each of the
next 3 numbers: 10 possibilities (0 B 9). Answet696:26:101010 = 158,184,000. ThatOs a lot
of license plates.

LetOs suppose you canOt repeat numbers or letters. Then the first number still has 9
possibilities (1 B 9), and the first letter still has 26; but the second letter only has 25 possibilities
because one of them (doesnOt matter which) has been used up already. Next letter 24; next
number 9 (10 minus the one we used already), then 8, then 7. AnR62524-9-8-7 =
70,761,600. Makes a big difference, doesnOt it?

Another typical problem involves putting things in a certain order; weOll use people as an
example since theyOre easy. We have 4 people and we want them to stand in a row. To do this,
letOs focus on the number of spaces there are. First space could be any of the four people. Secon
could be any of the remaining three; third could be two; last could only be filled with the last
person left over. So, the answer i8-2-1 = 24 different ways 4 people can stand in a row. With
5 people, it would be-83-2-1 = 120.

These types of multiplications are called factorials. You start with one number and
multiply it by all the numbers below it, in order, until you reach 1. The notation is an
exclamation point; so the first equation would be 4!, the second one 5!. Easy enough. There is a
button on your calculator that will do factorials for you, so you donOt have to multiply the
numbers out; very nice! Get some practice with that before you move on to real problem solving
in this section.

One quick weird thing: 0! = 1. I0m not sure why; itOs on the same lines that anything to
the zero power is 1 (my favorite? ® 1. Go figure.) It just makes the calculations and formulas
work the way theyOre supposed to. If we define 0! = 1, then we donOt have to worry about 0 being
an exception to the rules. But hereOs one way to think about it: How many ways can you stand
people in a row if thereOs no one there? Well, of course thereOs one way: donOt stand anyone in
row at all. 0! = 1. So it sort of makes sense E sort of.

Part 2: Permutations

1. The usual

Permutations occur along the same lines as the previous problems, with an extra twist.
With permutations, you donOt want all the people you have standing in line. LetOs say you have 8
people, and you only want 3 of them in line. So the multiplication principle says this would



happen in &-6 ways. Permutations introduce a symbol and a formula for this idea. This
particular problem would be written P(8,3), and the equation would be 8!/5!. Where does that 5
come from? ItOs the number of people who are left out. Let me show you why it works that way.
Written out, the equation 8!/5! would be {&-5-4-3-2-1)/(54-3-2-1). Notice that the 5, 4, 3, 2,
and 1 will all cancel out, leaving what we had in the first place. Pretty nifty.

LetOs say we have 18 taxi cabs at the airport, but only 12 can fit in the spaces provided.
How many ways can these taxis line up? The answer is P(18,12), which is 18!/6! (the 6, again, is
the number that wonOt fit). In general terms, here is the equation:

P(n,r) = n!/(n-r)!.

1tOs useful, particularly in the second problem where the numbers are really too large to
separate out and multiply. However, in things with small numbers like the first problem, itOs
much easier to doB6 than it is to deal with the formula. It doesnOt matter which you choose,
but sometimes one is faster.

If the factorial ends up being too large for your calculator to handle in actual numbers (ie,
if you get a scientific notation answer), then you are welcome in this class to leave your answer
in equation form, ie as 18!/6!.

2. The unusual

The other type of permutation problem involves the same idea, of multiplication principle
problems with a twist. In the previous little section, we learned about what happens when you
restrict the number of slots you have. In this little section, weQll learn about what happens when
you have 2 or more objects that are exactly the same.

The easiest way to demonstrate this is by using letters. LetOs look at the word ObookO.
LetOs say | wanted to figure out how many ways | could rearrange its letters. Well, since there are
4 letters, youQd think that the answer would®8&-2 ways. But th@Os are the same, so a few of
these arrangements would be duplicates; for example (10l bold one of the 0Os so you can tell the
difference) obk reads the same abok. We canOt count them as different. What we do is, we
figure out how many ways we could arrange the letters if they were all different B 4! b and then
we calculate the ways we can arrange the letters that arenOt diffefeat 2 Br 2 B and then
we divide. 41/2! = 24/2 = 12. ThereOs the answer.

little: 6! if the letters were different

2! ways to arrange the LOs

2! ways to arrange the TOs Answer: 6!/(2!2!) = 180
bubble: 6! if the letters were different
3! ways to arrange the BOs Answer: 6!/3! =120

Mississippi: 11! if the letters were different
4! ways to arrange the SOs
4! ways to arrange the 10s
2! ways to arrange the POsAnswer: 111/(4441-21) = 34,650
Obviously, weOve been using words as our examples. This technique, however, would be
used in any situation where you had objects being arranged, in which a few of them were
OindistinguishableO. For example, if you were an art poster dealer and had 10 Rembrandts, 4 of
which were his ONight WatchO and 3 his OCrucifixionO, youOd use the same type of formula
because those posters are functionally the same. For convenience, | refer to all problems of this
type as OMississippiO problems because of the last example above.



8.2 Combinations

Part 1. The basics

So far, weOve been looking only at situations where order matters. Obviously, if people
stand in a line, or if the letters are arranged in a row, then order has something to do with the
outcome. In combinations, order does not matter. This occurs when youOre just choosing 4
people at random, not to stand in line, but instead to win an identical prize, or be a member of an
equally ranked committee. It occurs in poker hands and in collections (as opposed to
arrangements). HereOs how it works:

LetOs say you have 6 people and you want to choose 4 of them to charge the Bastille

while the other 2 keep watch. This problem is written C(6,4), or more comrlyféntyzad 06

choose 40. LetOs see what that means.

If order mattered, youOd obviously hayie463 = 360 ways to arrange those people. But
it doesnOt matter what order theyOre in; so now letOs focus on those 4 people who have been
chosen. There are342-1 ways to arrange those 4 people that are functionally the same. So we
divide 360 by 24, and get 15. Now, where did those numbers come from? We started with 6!/2!,
the permutation if order was important. We divided that by 4!, the ways to arrange those 4
people. And we got our answer.

HereOs another example: You have 12 nephews and nleces and you want to take 3 of

them to the zoo. The problem may be inserted into the notation Ilkél’@@tart with the

permutation, 121:10 = 1320 (also equal to 19!). Then divide by the number of ways you can
rearrange these 3 people, which-®B= 6. Divide 1320 by 6 and get 220. So we basically used
121/(9!-3). See the pattern? HereOs the formula:

ny_ n!
r) (n=r)lr!

1tOs just the number of people youOre choosing from on the top, and then on the bottom
the number who are left out and the number youOre choosing, all factorials. Note that the bottom
two numbers will always add up to the top number.

With combinations, unlike permutations, itOs often easiest to use the formula and not the
common-sense method, mostly because the common-sense method isnOt too common sense. So
this is one formula thatOs worth stuffing in that overfull brain. Do it.

Part 2: When to use what

WeOve talked about permutations being when order matters, and combinations being
where order doesnOt matter. HereOs a quick list of key words to look for in each situation, if itOs
not immediately obvious from the problemE

Permutations Combinations

identification numbers samples

code numbers collections

arrangement committee (equally ranked)
distinguishable OhandsO in cards

ranking group

positions

card games like 21
in arow



In general, if you could switch the order of the items involved and still come out with
exactly the same result P like in poker, where youOre allowed to switch the order of the cards P
then itOs a combination. But if itOs very unclear from the problem, usually itOs the fault of the
person who wrote the problem. DonOt hesitate to ask.

Part 3: Some complex problems

In part 1 we went over the basics. But, like anything in math, the basics are just a
doorway to more complicated stuff. In this section, weOre going to focus on poker hands because
theyOre probably the easiest way to learn about combinations. What you learn here, however, is
applicable to many different problems.

For those of you who donOt have experience with cards, hereOs a brief summary of whatO:s
going on: There are 52 cards in a standard deck. These 52 cards are separated into 4 OsuitsO, twi
of which are red (hearts and diamonds) and two black (spades and clubs). Each suit contains 13
cards; the Onumber cardsO run from 2 to 10, plus a Jack, Queen, King, and Ace. The Jack, Queer
and King are considered Oface cardsO because they have pictures of people on them, and the
people have faces. The Ace is not a face card. It is sometimes counted as a number card but is
more often treated as its own thing. 1tOs worthwhile to look over a deck and see whatOs up.

In poker, at least the basic form of poker, you get 5 cards randomly from the deck.

Certain combinations of cards are worth more than others, but since it is a OhandO of cards, you
can rearrange them any way you like. ThatOs why poker falls under combinations, as opposed to
permutations.

Here are several examples of poker hand problems in combinations:

How many ways can you get a poker hand containing E
1. All hearts?
There are 13 hearts. From those, we are taking 5. The answer will be 13 choose 5.

.3
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2. Exactly 3 kings?
There are 4 kings. WeOre going to be choosing three of them, which is 4 choose 3, or 4.
But there are also 2 other cards in our hand that are not kings. Those two cards can be any
of the remaining 48 cards, and can be chosen in 48 choose 2 ways, which is 1128. The
multiplication principle says that the number of ways | can get 3 kings and 2 non-kings is
the product of 4 and 1128 (the number of ways to get 3 kings times the number of ways
to get 2 non-kings).

! 148 Lagd
K _K _K{ N _N ¢ 1% 4" 1128 4512
g ' hagg
#3f, # 28§

3. Four hearts and one club? 5
There are 13 hearts. From them, 10ll be choosing 4; 13 choose 4. There are 13 clubs, from
which | choose one; 13: choose 1. Multiply the numbers.

' r'$ 1 $
H H H 1 C ﬁlfg A% _ 715" 13 = 929E
| Tag, Tl
e
34% ﬁl%

The main thing is to remember that you have to account for all the slots, or spaces. A poker hand
has 5 slots. Just because the problem focuses on the 3 that are kings, doesnOt mean you can
ignore the 2 remaining slots! | usually write out these problems with the spaces first, and then fill
in what | want so | donOt forget to do this.



Here are some examples without poker hands.
1. How many ways can you choose a committee of 10 people from a group of 30?

There are no restrictions on this, so itOs just 30 choose 10.

2. How many ways can you choose a committee of 3 girls and 2 boys from a group of 10 girls

and 8 boys?

This one has restrictions. The three girls can be chosen in 10 choose 3 ways (120). The 2

boys can be chosen in 8 choose 2 ways (28): 280-= 3360.

Finally, some examples of Oat leastO and Oat mostO problems, which are difficult just because of
the amount of work involved.
1.1 have a coin jar with 20 pennies, 8 nickels, and 5 dimes. If I grab 8 coins at random, how
many ways can I get at least 6 pennies?
OAt least 60 means 6, 7, or 8. So | have 3 separate problems to work on.
Exactly 6 means 6 pennies (20 choose 6) times 2 non-pennies (13 choose 2).
38760- 78 = 3023280.
Exactly 7 means 7 pennies (20 choose 7) times 1 non-penny (13 choose 1).
77520- 13 = 1007760.
Exactly 8 means 8 pennies (20 choose 8) times 0 non-pennies (13 choose 0).
125970 1 = 125970.
Now that | have all 3 sub-answers, | just add them up (OorO implies addition), and | have
the whole answer: 3023280 + 1007760 + 125970 = 4, 157, 010.
2. In the same coin jar, how many ways can I get less than 2 dimes?

Less than 2 does not include 2, so this means exactly 1 or exactly 0.

Exactly 1: 1 dime (5 choose 1) times 7 non-dimes (28 choose 7)

Exactly 2: 2 dimes (5 choose 2) times 6 non-dimes (28 choose 6).

Add those sub-answers and you have the answer.

3. In the same coin jar, how many ways to get less than 6 pennies?
Ack! This means 5, 4, 3, 2, 1, or 0! What a great lot of problems! | wish it said Omore
thanO, that would be easier E but waitE | know that there are 33 coins in the jar and IOm
choosing 8. There are 33 choose 8 ways to do this. ThatOs 13, 884, 156. | also know from
example 1 that 4, 157, 010 of those combinations have 6 or more pennies. That means the
remaining 9, 727, 146 must have less than 6. Ta-da! IOm done.
Example 3 is worth understanding. Remember how we talked about the fact that a set and its
complement add up to the universe b specifically, that the probability of an event happening plus
the probability of it not happening, equals 1? You thought it was dumb at the time, and it was.

In example 3, it was much easier to figure out the complement (Oat least 60), partly
because weOd done it already, but even if we hadnOt it would still be easier because itOs fewer
subproblems. It was also easy to get the total number of ways to get 8 coins with no restrictions.
Knowing that simple fact B that the two numbers representing Oat least 60 and Oless than 60 mu
add up to the total number of combinations of coins b the problem becomes much easier.

This always works. You donOt have to use it, but if you ever find yourself staring down a
ridiculous amount of subproblems, keep in mind that you have this alternative.

8.3 Probability

If you got the last section, this one is going to be easy. It stems from the basic definition
of probability, which we learned last chapter. Here it is again:

- . # of ways x can happen
Probability that event x will happen= y - PP
total # of possible outcome




In the last 2 sections, all weOve been talking about is the number of ways x can happen.
But weOve also seen, along the way, some examples of finding the total number of possible
outcomes. The only new thing in this section is making a fraction, decimal, or percent out of it.
However, the problems continue to be challenging and sometimes difficult, as they were
in the last section. Make sure you refer to your notes and the test for 6.2 in particular as you
tackle these; they donOt get any easier just because thereOs an extra step!
HereOs a few examples of probability problems just to get you in the mindset.
1. WhatOs the probability of getting a full house of aces over eights in poker? (3 Aces, 2 80s)
| usually do the denominator first, because itOs easier. There are 52 cards in the deck; |
need 5 of them. ThatOs 52 choose 5, or 2,598,960. Get used to that number.
Now, the numerator. | need 3 aces, which is 4 choose 3, or 4.
| need 2 eights, which is 4 choose 2, or 6.
| multiply those numbers together and get 24; the probability is 24 / 259860, which is
really small.
2. WhatOs the probability of getting all face cards in poker?
Denominator: 2598960.
Numerator: there are 12 face cards in a deck; | want 5; 12 choose 5 is 792.
Answer: 792 / 2598960 = .000305, or .03%.
3. WhatOs the probability of getting exactly 2 hearts in poker?
Denominator: 2598960 (yawn)
Numerator: 2 hearts, 13 choose 2, which is 78
3 non-hearts, 39 choose 3, 9139
78-9139 = 712842
Answer: 712842 / 2598960 = .2743 = 27.43%
4. WhatOs the probability of getting a flush (all the same suit) in poker?
Denominator: 2598960
Numerator: There are 4 possible suits that can create a flush.
From last section | know that there are 1287 ways to get all hearts.
There must also be 1287 ways to get all clubs, all spades, and all diamonds.
1287- 4 = 5148 ways to get a flush
Answer: 5148 / 2598960 = .001981 = .20%
IOm not picky about how you leave your answer. IOm fond of fractions because they are not
approximations, but decimals give you a better idea of probability. | really love to see both
written down. Just make sure when you round that you leave at least 2 significant digits (non-
zero numbers) in your answer. For example, you may round .001908 to .0019 but not .002; if you
get something like .00199, you may round to .0020, or round it to 3 significant digits instead. Or
more. | donOt care.

8.4 Bernoulli Trials; Binomial Probability

In this section weOll be studying problems in which E

¥ order does not matter

¥ the same experiment is repeated several times

¥ there are only 2 possible outcomes
The two possible outcomes are called OsuccessO and OfailureO but can be anything; heads/tails;
boy/qirl; true/false; right/wrong; ace/not ace; broken/not broken; good/bad; you get the idea. The
main thing is that the 2 outcomes must be opposites; their probabilities must add up to 1.



The steps in the process are as follows:

1. Determine the 2 possible outcomes. Label them OsuccessO and OfailureOQ. Sometimes
itOs helpful to write down which outcome is labeled in which way, particularly if itOs not
particularly obvious, like with boy/girl.

2. Figure out the probability of succesg) @nd the probability of failure (p Remember
these two probabilities add up to 1.

3. To solve, there are 2 possible methods:

a) If youOre a formula person, use this forn‘(ﬁi‘lé)(Ps)s(Pf)f

b) If youOre not a formula person, treat it as a problem in combinations, with sort
of a mississippi problem twist to it.

HereOs an example with both methods:

You are rolling 5 dice. Find the probability that 3 dice roll a 3 or more, and the other 2 do not.

Formula: 101l say OsuccessO = 3 or more; OfailureO = 2 grl@#3;, P= 1/3. | want 3
successes and 2 failures. Into the formula it goes:

#5128 1 = 10- 2963 .1111 = .3292 or 32.92%.

Combinations: Write out the 5 spaces and fill them in. One of the possibilities, if order did
arrangement is (2/3) (1/3). However, this isnOt the only possible arrangement of these
letters. How manylistinguishable arrangements are there of HHHLL? Well, thatOs a
Mississippi problem: 5! / (32!). When you multiply all that together, you get 5! /23)

- (213 - (1/3F. Hmm E thatOs the same as the formula. Which is, of course, the point.
|, personally, use the formula. ThatOs because I0ve taught it so darn long | have it memorized,
and if you have it memorized, itOs faster. But should | ever come across this type of problem and
forget the formula, | can always re-derive it.

This, actually, is a good time to talk about formula memorization. | hate formulas, not
because of any problem with the formulas per se, but because of the human component. Too
often people memorize them incorrectly, or memorize them for a test and then forget them; or
plug numbers in blindly and then write down an obviously incorrect answer.

Formula memorization igot a bad thing, if you can avoid these mistakes! But if there is
a way to derive the formula easily, as with this one, or with trig formulas etc., itOs a good idea to
know how. Just in case you blank on a test. And, when you get to college b or worse, if you
become a mathematician (ye gods!) B math begins to loop around. YouOll find trig formulas in
your imaginary numbers course. youOll run into geometry inside your differential equations
course. YouOll run across intermediate algebra in topology, and pre-algebra in number theory.
YouOll need to know formulas from all kinds of previous courses. ItOs a lot easier to know where
they came from, rather than to memorize every single one of them by heart.

The only formulas worth memorizing thus far, as far as | know, are the Pythagorean
Theorem, the definitions of the basic trig functions (SOHCAHTOA), and the Quadratic Formula.
Everything else is either based off of these, or can be re-derived from simple concepts learned in
earlier courses.

All of this doesnOt mean you shouldnOt memorize formulas! Ideally, you would memorize
the formula for as long as you were working with it, and then forget it, but you would work
enough with the alternative to know how to find the formula later if you needed it.



8.5 Expected Value

The cool thing about Oexpected valueO is that it actually makes sense. If you are participating in a
rewards program where you flip a coin, and if itOs heads you make $40, and tails $30, then on
average youOd expect to make about $35. Many expected value problems can be done in your
head. But not all.

The mathematical rule is,

expected value 2) (each value * the probability of getting that value).

The funky Greek letter, sigma, stands for sum. So basically, you obtain or create a list of
all the possible values or results of the experiment, obtain or create a probability of getting each
of the possible values, multiply each value times its probability, and add Oem all up. Notice that
the Ocommon senseO problem above works this way: 30 (1/2) + 40 (1/2) = 35.

Note that you will never actually get $35 in the above experiment: it was $30 or $40, but
never $35. It is common for your OexpectedO value to be impossible. The reason is that expected
value is thewverage value youOd expect to get omeny trials.

Type 1: From a table or histogram

In these, the values:d probabilities will each be given to you, usually in a table but
sometimes in a graphical format. Simply multiply the value times its probability and add the
results. Be careful to change percents into decimals in the beginning.

X | P(X)

0 | 20% 0¥.2=0

1| 30% 1¥.3=.3

2 | 10% 2¥.1=.2 (add) The expected value is 1.7.
3 | 40% 3¥.4=1.2

4 1 0% 4¥0=0

Type 2: As part of a combinations problem

These problems look like typical combinations word problems: order doesnOt matter,
youOre choosing a sample from a larger number with different variations, and so on. However, on
top of the usual combinations, they throw in the words Oexpected numberO or Oexpected valueO,
which is a big clue that itOs an expected value problem. (really??) When | was in college | didnOt
know the trick to these, but | invented the trick a few years ago, and proved it, so now I call it the
Bond Theorem, which was my name at that time. Ask me to tell you theigbsyunny. But
irrelevant. What matters is how to do the problem.

HereOs the type of problem weOll be working: You have a barrel of 25 apples; 20 are good
and 5 are rotten. Michael randomly grabs 3 apples. How many rotten apples should he expect to
get (on average, over many trials)?

In the OoldO days (before the Bond Theorem) you would have to find the probability,
using combinations, of each possibility, O rotten apples, 1, 2, or 3; then youOd multiply and add.
Icky! The Bond Theorem says you can do this instead:

Assign a value of O10 to getting a rotten apple. The probability of this is 5/25 or 1/5.

Assign a value of O00 to getting a good apple. The probability of this is 4/5.

So, the expected number of rotten apples in a sample of 1 is 1¥ 1/5, or .2.

The expected number of rotten apples in a sample of 3 is 3¥ 3/5, or .6. So easy!

This is actually a very surprising result, because as it turns out, the expected number of
rotten apples is the same, regardless of whether you draw out all 3 together, or 1 aud time
put each one back before drawing the next. Crazy.




9.1 Measures of Central Tendency

What?

This is just a fancy way of referring to the things you learned in pre-algebra which were
grouped under the title OaveragesO. But the word OaverageO is confusing;davarsge is
the mean, but the median is also a type of average, and mode was grouped in with them although
itOs not really an average in the same way the other two are, and you learned about range in the
same section even though itOs not an average at all. See what | mean? So weOre going to say
OaverageO is the mean average, and the main title is Omeasures of central tendency.O

Now that thatOs cleared up, hereOs what they all mean. 10Il use the numbers: 6, 7, 8, 8, 9,
9,9, 10, and 12.

Mean, or average: add them up, divide by how many there are: 6+7+8+8+9+9+9+10+12
= 78. 78 divided by 9 (there are 9 numbers on the list) = 8.67. This is the most commonly
seen average because it is the most useful. It gives you a number that is exactly in the
middle of all the data. The symbol for it in mathematic®, ide greek letter m, spelled
OmuO, pronounced OmewO. In statistics, people use x, read Ox-barO.

Median: eliminate the highest and lowest, then next highest and next lowest, and so on, until
only 1 or 2 remain. If itOs one, thatOs your median. If itOs two, average the 2 numbers and
thatOs your median. In the above list, youOd eliminate 6 and 12, then 7 and 10, then 8 and
9, then 8 and 9 again, and youOd be left with 9. Median = 9. Median is useful in
calculating income, housing prices, lifespans, and other things with a high range of
values. In calculating lifespans, for example, insurance companies are turning to median
rather than mean, for the following reason: If you have 10 people, and 8 of them live to
be 72, and the other 2 die at birth, the your mean is 57.6 years. But thatOs ridiculous! 8 of
those people lived to be 72! The mean, in many cases, distorts values to seem lower or
higher than they should.

Mode: find the most common value. It is possible to not have a mode. It is possible to have more
than one mode. In the above example, the mode is 9 because it shows up more than any
other number. This is not really a measure of central tendency because the mode can
occur anywhere; however, it is more likely to occur near the center of a list of non-
random numbers. In calculating average shoe size, for example, there are more women
wearing size 7 or 8 than size 12, or 4. Mode is useful in two situations: when you want to
please, or sell to, the largest number of people; or, when your data is not numerical. For
example, if we are writing an article on what the average person in the school likes as
their favorite color, weOd have to use mode because OredO and OpurpleO are not numeric
data. Mode is the only measure of central tendency that is independent of numbers.

9.2 Measures of Variation

HereOs another list of numbers: 32, 41, 47, 53, 57. The mean is 46; the median is 47; there is no
mode. But if | wrote another list, say 43, 44, 47, 47.5, 48.5, youOd get the same mean and
median. Obviously these lists are very different! One is all spread apart, and one is pretty close
together. For this reason there is another way to categorize data, called a measure of variation b a
measure of how different numbers are. The easy one is range; the harder one (but, naturally, the
more useful and more often used) is the standard deviation.

Range: Take the high number. Take the low number. Subtract. ThatOs your range. The first list
has a range of 25 (57 b 32). The second list has a range of 5.5.



Standard Deviation: Okay. This oneOs a little longer.
1. Find the mean. WeOll just use the first list for this example. The mean is 46.
2. Find the difference of each number from the mean.
32 IS P14 from the mean

41 is -5 from the mean
47 is +1 from the mean
53 is +7 from the mean
57 is +11 from the mean

You can check your work here; the differences should add up to O.
3. Square each difference: (-14)196; (-5§ = 25; £ = 1; 7 = 49; 1% = 121. The reason
for this step is it puts a lot more emphasis on numbers far from the mean than numbers
close to it. Obviously, it gives the 14 a lot more weight than the 1.
4. Add the squares. 196 + 25+ 1 + 49 + 121 = 392.
5. Divide by the number of values in the list, less one. There were 5 values in the list, so |
have to divide by 4. 392 / 4 = 98. This is called the variance, symbafizéte greek
letter s, or sigma, squared.
6. Square root the variance to get the standard deviaﬁl_m.: 9.90. This is the standard
deviation, symbolized. 9.90 is a pretty big.
LetOs try the second list as an example. The Bies6.

Number Diff. from mean squared
43 -3 9

44 -2 4

47 1 1

47.5 15 2.25
48.5 2.5 6.25

sum = 22.5; variance = 22.5/ 4 = 5.685; 2.37.
Both the range and the standard deviation indicate how different these lists are: the higher the
value, the more spread apart the numbers are. So why bother with the standard deviation at all?
Here are 3 graphical examples of data with the same nw@arke same range, but differento.

$ $ $
Typical standard dev. Low standard dev. High standard dev.

Note that, as mentioned, the high standard deviation goes with data that is very spread out
b not grouped together around the mean. The more closely grouped the data is, the lower the
standard deviation will be.

One of the uses of standard deviation is to define what is OnormalO and what is not. This
seems like a moral/philosophical issue, but to some extent there has to be a numerical definition,
if we choose to make any distinction between OnormalO and OabnormalO at all. In mathematics,
OnormalO is considered to be within a certain number of standard deviations of the mean, usually
3. What does this mean?

It begins with collecting a huge amount of data and calculating the mean and standard
deviation. Then, a statistician can go back and look at the data, or go out and collect new data,
and calculate how far it is from the mean. The units we count to figure out that distance from the
mean are in terms of the standard deviation. If the mean is 100 and the standard deviation is 5,



then 105 would be one standard deviation above the mean; 110 would be two standard deviations
above the mean, and 115 would be three standard deviations above the mean. Similarly, 85
would be three standard deviations below the mean. If weOre using 3 standard deviations as our
definition of normality, that means that any data outside of the range from 85 to 115 would be
considered OabnormalO. A smaller standard deviation (which will occur if the data is closely
grouped) will have a fairly small OnormalO range, while a large standard deviation will have a
large OnormalO range.

The number 3 is chosen arbitrarily. | would have chosen 2.78436, if it were left up to me.
Some people in some experiments use 2.5, but itOs usually close to 3, and more often exactly 3.
This is a human definition, and has caused more philosophical problems than E well, not quite
the existence of God, but itOs close. Michel Foucault, for example, has written extensively about
how OnormalityO itself is a human invention, and as soon as we define OabnormalityO we create
it; there is no such thing as Oabnormal® until we name it or try to categorize it. You may have
heard this idea before. 1tOs said that in many Native American and African tribal cultures, a
schizophrenic would be considered a medicine man or shaman, and asked for advice based on his
or her superior perception of the spirit world. Are schizophrenics abnormal? | donOt know. There
were debates in the 1990s about the line between artistic nudity and pornography. The fact is that
the line doesnOt really exist until we try to draw it. Obviously, very obviously, the line should be
wide and fuzzy and contain lots of gray space. Reducing it to a single, simple number b 3 b is
offensive to me. | mean, that poor person at 3.000001 standard deviations from the mean! So
close to normal! So close to that person at 2.999 who barely squeaked by! Who are we to tell
what is OnormalO and what is not?

Well, weOre mathematicians, frankly. And someoneQOs got to do it.

9.3 The Normal Curve

After all that talk about normality, now we get
to deal with the Onormal curveO. Of course the word
OnormalO here doesnOt mean OnormalO like in the
previous section. It is derived from the word OnormO,
which just means (according to my dictionary) a standard or model regarded as typical. While
this may seem a lot like your definition of OnormalO, remember that it is normal to have
schizophrenics and pathological killers in most societies. What the normal curve does is reduce
data to a single, common, typical graph which is the same for all numbers and all types of data. It
doesnOt make judgments or eliminate extremes. it just forces a conformity out of the data which
allows us to analyze it in much more sophisticated ways than if we were to deal with all sets of
data separately.

The normal curve is a mathematical ideal, kind of like Euclidean geometry. It doesnOt
really exist or work that way in the real world, but it has enough of a resemblance to the real
world to give us important information. The normal curve is a curve not of actual numbers, but
of probabilities or frequencies. If we were trying to analyze data about peopleOs heights, for
example, the y-axis would not contain numbers like O6 feetO, but would instead contain the
probability b in decimals b that someone would be 6 feet tall. The mathematical normal curve
follows these rules:

1. It peaks over the medh., (Most data is at or near the average).

2. It is smooth. (All data points are represented. There are no gaps.)

3. It is symmetric aroung.

4. It extends forever in both directions.

5. The area under the curve is equal to 1. (ItOs a probability curve, and prob. adds up to 1.)

6. It is modified s& = 0 ando = 1.




The first and last rules are typical of real world data, but the second and third rules are
what make it mathematical. Obviously, real world data doesnOt come perfectly smooth, or in nice
symmetry; for every person one inch below average height, there is no guarantee that there is
exactly one person one inch above average height. The infinity thing is even more problematic,
because according to the mathematical normal curve, you could have people who were negative
2 feet tall, or positive 550 feet tall. Not many D but it would be possible. So the normal curve is
an artificial, mathematical construct. But so was geometry, and yet thereOs a lot of use in that too.

To differentiate between data that has been modified to fit the normal curve, and data that
has not, we use a different variable. The letter z is used in place of x to describe the horizontal
axis of the normal curve. One of the first things you have to do is OnormalizeO the data P in other
words, to modify it to fit rule number 5. This changes your data B xOs B into zOs. Z actually
follows a concept we talked about when we were working with standard deviation: it is equal to
the number of standard deviations the data point is above the mean.

So, letOs say weOre analyzing heights. WeOve found the average height of women to be
64", with a standard deviation of 3". Because of rule #5, we need to get that average to be 0.
How? Well, duh, we subtract 64 from all the data and now the average is 0. Now, we need to get
the standard deviation to equal 1. How? Divide all the data by 3, and now the standard deviation
is 1. Is it really that simple? You bet your last cookie it is. Here's the actual formula:

X! U

Z =

Which, as you will note, is exactly what we said in the previous paragraph. Subtract the mean
from all data; divide by the standard deviation; your data is now normalized. Ta-da!

So, let's say that we're looking at a certain math teacher who is 63" tall. If we wanted to
know the probability that a random woman is shorter than the math teacher (or, by the same
token, the percentage of women who are), we'd first normalize her data point. (63D 64) /3 =
-.33. That's our z. Great. Now what? Because the process of normalization forces the data to fit a
normal curve, we can now use known properties of the normal curve to answer the question.
Fortunately, the thing has been analyzed to create tables to answer probability questions B we'll
be using one on p. 895 of your text. On it, we can look up z = -.33.

The number on the table is .3707, but what does that mean? The table we're using gives
percentageff of the data, as you can see in the picture and the title of the table. Left of is less
than; so this means that .3707, or 37.07% of women, are less than 63" tall, and shorter than | am
E | mean, than this theoretical math teacher is. Wow. That makes me feel better.

Now what if we asked for the percentage of people taller than that math teacher? Well, no
problem. Remember how probability has to add up to 1? Well, if .3707 people are shorter than
me, | mean her, then the remaining .6293 people must be taller. In general, if you want to find a
"greater than" off that table, just subtract the number in the table from 1.

Now, let's say there is another female math teacher roaming around who is 66" tall, and
we want to know the percentage of people whose height falls between those two. First, normalize
66": (66 b 64) / 3 = .67, which corresponds to .7486 on the table. This means that 74.86% of
women are shorter than the second math teacher. To find the percentage between 63" and 66",
we take the 74.86 who are shorter than the second teacher, and subtract off the 37.07% who are
shorter than the first teacher, and get 37.79%. So, in summary:

1. For "less than", use the number on the table.

2. For "greater than", subtract the number on the table from 1.

3. For "between", find the number for each data point, and subtract the two.

Notice that for each of our normalized data points, the value for "z" is literally the
number of standard deviations the data point is above the mean. One inch below the mean is 1/3



of the standard deviation of 3; and, -.33 is the same as D1/3. Two inches above the mean is 2/3 of
the standard deviation, and .67 is the same as +2/3. So, let's suppose we want to find the
percentage of people is 1/3 of the standard deviation of 3; and, -.33 is the same as B1/3. Two
inches above the mean is 2/3 of the standard deviation, and .67 is the same as +2/3. So, let's
suppose we want to find the percentage of peopigyiset of data who are "normal”, as defined

last section D that is, within 3 standard deviations of the mean. That means (by definition) people
between z = +3 and z = -3. On the table, -3 takes us to .0013; +3 takes us to .9987; we subtract
the two and get that 99.74% of people are normal. (I think thatOs surprisingly high!)

Finally, I need to remind you of one obvious yet easily forgotten fact. Because of the
symmetry of the table, we assume that 50% of people are above the mean and 50% of people are
below. What this means (and you can check it) is that at z = 0 (the mean), the probability in the
table is .5. LetOs say we wanted to find the percentage of people above average, but lower than z
= 1. WeOd find the percent for z = 1, which is .8413, and subtract the .5 who are below the mean,
and get .3413.

9.4 Binomials, again

The last time we saw binomials was last chapter, attached to that ugly formula. We used
the formula to solve problems involving a repeated experiment with only 2 outcomes (called
OsuccessO and OfailureO), in which the probability of success or failure did not change throughou
the experiment. In this chapter, weOll be using the normal cutygrtaimate the answers weOd
find with the formula.

The key word, of course, is OapproximateO. When using the normal curve to solve
binomials, you wonOt be getting an exact answer. Instead, youOll be getting an answer thatOs
Oclose enoughO, in most cases, to be useful. As usual, the more experiments you have, the more
accurate your approximation is going to be. An approximation based on 10 experiments is a lot
less accurate than one based on 500 experiments.

The main reason we use the normal curve in spite of this slight inaccuracy, is the
following: LetOs say yalid have 500 experiments going on, and you wanted to know the
probability that there would be at least 430 successes. Now, if you were to use the formula,
youOd have to plug in and solve for exactly 430, exactly 431, exactly 432, and so on, all the way
up to 500! What a pain! So we use the normal curve as a nice shortcut.

1tOs key to understand that the normal curve is a continuous curve. The normal curve
contains a data point for 478.67 successes; the experiment itself canOt have 478.67 successes
because binomials always count whole numbers of successes and failures. This is what causes
the approximation b this disconnect between the normal curve and the binomial distribution. A
good way to visualize this is below: 47
Notice that the normal curve goes through the center of eaci
rectangle. These points b where the center of the rectangjle >T<
meets the normal curve --correspond to whole numbers. | |
The rectangles, however, extend to the left and the right |
of that point. In fact, if we were looking at the i

whole number 48, the rectangle would actually
extend from 47.5 to 48.5. Remember this for later.

\

When youOre working with normal curves, the most important thing is thg.5 | 485
mean. Fortunately the formula is easy:= n- ps In other words, itOs just the 48

number of experiments, times the probability of success. ItOs also the expected value of the
experiment: if you were flipping 100 coins, youOd expect 50 heads; notice n = 100, p = .5.



The next thing you need to know is the standard deviation. The varigneenpspr, the
number of experiments times the probability of success, times the probability of failure. This is
also the mean times the probability of failure, since the mean is the probability of success times
the number of experiments. Since the standard deviation is just the square root of the variance,

Okay, now weOQre ready to begin. LetOs say we have an experiment where weOre flipping
100 coins. The probability of getting heads (success) is .5, the probability of failure (tails) is .5.

So the mean is .5100 = 50, and the standard deviation is the square root 0519& \/2—5 =5.
So, whatOs the probability of flipping at least 57 heads? Well, youOd think that x would be
57, since thatOs the data point weOre interested in. But letOs go back to those rectangleskE Notice
that we need to include the entire rectangle around x = 57. This rectangle extends all the
=N way down to 56.5, and up to 57.5. Since weOre looking at numbers to the right of 57,
\X the right hand side is already included D but the left hand side wonOt be unless we

start at 56.5. So, our x has to be 56.5 instead of 57.
We plug this into the z formula, just like in previous sections (z = (X -
. $)/o). With the mean and standard deviation for this problem, you will get (56.5 b
. 50)/5=1.3. I look at the table under 1.3 and | find a value of .9032. That was the
: Oless thanO answer D since | want the Ogreater thanO answer I0Il just subtract that
from 1. The answer is .0968.

HereOs another example, slightly different. Now | want to find the probabilit 7
of flipping at most 42 heads. Back to the picture we go E only this time, weOre ¥
looking at numbers less than, to the left of, 42. As a result, we have toupuimp :
time, to 42.5, in order to include the whole rectangle. To finish this example, we nio
plug into the z formula: (42.5 B 50) / 5 = -1.5. The table value is .0668; since this
problem wanted Oless thanO, | donOt have to change it.

In general, with Oat leastO you will subtract .5 from the number; with Oat mostO youOll add
.5 to the number. Be careful though P if it says Oless than 420, that means Oat most 410, and
youOll have to bump up to 41.5; if it says Omore than 420, that means Oat least 430, and youOll
have to bump down to 42.5.

A lot of people get confused by this section because it seems like a lot of information.

The main thing to remember is that most of this is old stuff; finding z and using the table hasnOt
changed all chapter. The only new things are the formulas for mean and standard deviation, and
the concept of bumping up or down to translate the continuous normal curve into discrete
rectangles.

In the homework, youOll see problems requesting you to find the probability of OexactlyO
something, like Oexactly 52 headsO. It is possible to do this with the normal curve, by changing
Oexactly 520 into Obetween 51.5 and 52.50, and then finding z for both points (.3 and .5), looking
them up (.6179 and .6915), and subtracting (.0736). At this point, itOs actually less work to use

1 $ ~
the formuIa:zlo%;(.5)52(.5)“8 = .073E. Plus, the second one is more accurate. So, I0d recommend

752
using the formula, but then | have it memorized since I0ve been teaching it forever B you can use
whichever method you like best.



Chapter 5: Financial Formulas

Chapter 9 is unique in that the information presented does not require a long, involved
process. 1tOs just a bunch of formulas to plug numbers into. So, this chapter is basically just a list
of formulas, including what the variables stand for, when you would use which formula, and an
example of each.

Simple Interest
Simple interest is calculated in a situation where you have a certain amount of money in
an account, earning interest, but the interest does not stay in the account. This situation is highly
unusual in this day and age, but in the past (as youOll know if you read Jane Austen), it was
common for wealthy people to keep the principal in their account, and live off the interest. It was
called their Oincome.O Simple interest calculates the interest earned over a certain period of time.
| = Prt where | = the interest earned (the answer)
P = the principal (the amount in the account)
r = rate, ALWAYS unless otherwise noted the annual rate!!
t = time; since r is in years, t should be also (ie, 6 months = .5 yrs)
Let's say Elizabeth Darcy is living off the interest from a principal of $1,500,000 at 12%
interest. What will the interest be in her account after 3 months?
Plug in P = 1,500,000; r = .12; t = .25 years
| =(1,500,000)(.12)(.25) = $45,000

Compound Interest
In a normal savings account, the interest you earn goes right back into the account, and
then starts earning interest on itself. For example, if you invest $100 at 6%, after the first year
you will have $106; but the second year you'll have more than $112 B you'll have $112.36. The
extra 36 cents is the interest earned on that 6 dollars; next year all $12.36 will earn interest too.
A=P(1+i)' where A=amountin the account after interest (the answer)
P = principal
I = interest rat@er period.**
n = number of periods
** The problem will give you r, the annual rate, and a period (monthly, yearly, etc). To find i,
divide the annual rate by the number of periods per year; for example, 12% compounded
quarterly means i = 3%, since there are 4 quarters in a year.
Adam Straubinger puts $2000 into a CD at 8% compounded monthly. How much money
will he have after 5 years?
P =2000; i =.006667 (.08 APR divided by 12 months per year); n = 60 (5 J&ars
months per year). So, A = 2000(1.006687)$2979.75. Not a bad investment.
Now, suppose you wanted to find just the interest Adam earned. All you have to do is
take the total, $2979.75, and subtract off the original $2000. Adam earned $979.75 in interest.

Note how far | rounded off that interest rate. Any time you round off you create error and
approximation. When youOre talking about money, you donOt want a lot of error in your
calculation! If I had just rounded to .0067, my answer would have been off by 6 dollars. Try
telling that to the bank! My answer, even with 4 significant digits, is actually off by 6 cents. If at
all possible, do not round off! Leave the numbers in your calculator memory for as long as
possible. If you must round, use at least 4 significant digits in your rounding.



Present Value of an Investment

It used to be a common thing to give people savings bonds as gifts for their young
children. 1tOs still kind of nice to buy bonds when the stock market isnOt the hottest investment on
the planet. Bonds are guaranteed to accrue money fairly steadily over long periods of time, and
some of them have nice tax incentives too. The reason people used to give them to children was
they were fairly cheap to buy, but after 15 or 20 years when the child is grown (and maybe in
need of college tuition!), they can be cashed in for a nice chunk of money. | made several
hundred dollars in college off some bonds my grandma gave me when | was 5.

When you buy bonds, you typically keep track of them by how much they are going to be
worth in the future, when you cash them in. There is usually a prescribed time for cashing in a
bond; you buy them as 5-year bonds, or 10-year bonds, etc, and you know how much theyOll be
worth at that time. But letOs say bad stuff happens, and you need to cash in early. This is the
formula for the present value of a bond if you know its future value.

— where P = present value
(a+i)"
A = amount the bond would earn in the future
I = interest rate (APR divided by the number of periods in a year)
n = number of periods remaining in the bond
Bill Clinton is trying to buy a house, and needs to figure out what his current assets are.
Among his possessions are some bonds. These bonds, which earn 8% interest compounded
semiannually, will be worth $40,000 in 7 more years. How much are they worth now?
A =40,000; i = .04 (8% divided by 2); n = 14 (7 years times 2 periods per year).
40,000/(1.04% = $23, 099. Good reason to keep Oem in for 7 more years.

Annuities

People earning regular paychecks often have annuities, either officially or unofficially. In
an annuity, you have an account earning compound interest, but unlike a CD you put more
money in at regular periods. For example, in my old annuity (before | cashed out and joined a
mutual fund) | was putting in $500 a month, and it was all earning interest. You can do the same
thing in your savings account, just by putting in a certain amount every month and not taking it

out.
By 1 .
S= R!#_—E where S = future value, all the money plus all the interest
[

R = money you put in each period
I = interest rate (APR divided)
n = number of periods (same as the number of payments)
Kendall Younger has an annuity. She deposits $200 a month, and it earns 6% interest
compounded monthly. How much will she have in her annuity when she retires in 40 years?
R =200;i=.005 (6% / 12); n = 480 (40 yeait? months)
200[((1.005§%° B 1)/.005] = $398,298.14. Wow. Notice that if she took that $200 and
stuck it under a mattress every month for 40 years, sheOd only have $96,000. Interest is a
beautiful thing.

Amortization

Amortization is the process of paying off a loan. Those of you familiar with your Latin
roots will recognize the fragment OmortO, which is associated with death. What a cool way to
think about paying off a loan B youOre slowly killing it, itOs slowly dying. Yay.



Loans are a lot more complex than people think. When you take out a loan, obviously
theyOre going to charge you interest, thatOs how loans work. But itOs not simple interest; itOs
compound interest, with an annuity thrown in because youOre putting in monthly (or whatever)
payments to pay it off. When you take out $1000 for 2 years at 15% APR, itOs not just an extra
$150 per year, for a total of $1300 making your monthly payments $54.17. The reason is that
youQre paying off part of that $1000 with every payment you make, so then the principal goes
down that they charge you interest on. Yikes. HereOs the formula:

= Pi here R = r periodi ment I thi
I where your periodic payment (usually monthly)

P = amount of loan

I = interest rate, APR divided

n = number of periods

Dannielle Moore takes out a loan for $1000 to buy a hot pink Cadillac. The loan is at a
rate of 15% compounded monthly. If she will pay it back over 2 years, what will her monthly
payments be?

P =1000; r =.0125 (15% O 12); n = 24 (2 yedz months)

A few calculator tips on this one. Calculate the parentheses part first; (126£23%22.
Subtract it from 1 by making it negative using the +/- key and adding 1, getting .2578. To put
this number on the denominator of a fraction, use the 1/x key, getting 3.8789; then mutiply by
1000 and .0125, getting $48.49 as the monthly payment. | do all of this so | do not have to round
off until the final step, ensuring that there is no rounding error. If you have a graphing calculator,
you can just type it in. On a normal calculator, you could also use the memory function.

Paying off a Loan Early

Loans are kind of like an annuity in reverse. Paying off a loan is like cashing in an
annuity early. Incidentally, if you ever get a chance to pay off a loan early, do it! Interest is great
when youOre earning it, but boy does it suck when you have to pay it. When you turn in higher
monthly payments than required, particularly early in the loan, it drastically reduces the amount
of interest you have to pay.

Anyhow, hereOs the formula to calculate how much you still owe on a loan:

) N

10 (A+i0) " :

P= R%—& where P = amount you still owe (the answer)
[

R = periodic payments youOve been making
I = interest rate (APR divided)
n = number of periodsmaining on the loan
LetOs say | have a home loan and am paying $3600 a quarter. The loan is at 6% interest,
compounded quarterly, and | have 10 years remaining on the loan. Suddenly | win the lottery and
can pay off my home immediately! How much should | write the check for?
R =3600, i =.015 (6% O 4); n = 40 (10 yeatsjuarters)
(1.015)* = 5513, subtracted from 1 = .4487; divide by .015 and get 29.9158; multiply
by 3600 and get $107,697. 04. Good thing | won the lottery.



A word about how loans work

The above example is a good one to look at. | made up those numbers based on a 30-year
house loan, with an original cost just under $200,000. However, after 20 years of payments, there
is still over $100,000 remaining to pay on the house! How can it be that after 2/3 of the payments
have been made, | havenOt even paid half the original amount of the house?

To illustrate this, letOs look a little closer at annuities, specifically that one that earned
Kendall Younger so much money. The reason the interest was so huge, was that she started with
$200 in the account. That money earned compound interest for a total of 40 years. You can use
the compound interest formula to figure out that that $200 alone came out to over $2000. Then
thereOs the next monthly payment, which sat there for 39 years and 11 months, and the next
payment, and so on. When youOre dealing with annuities, itOs not the last few payments that
make a difference. ItOs the first payments, and how long they stay in the annuity. With any
annuity, the earlier you start putting money in and the longer it stays there, the more money you
make. By far.

A loan is like an annuity in reverse. With a loan, youOre giving away the money, and you
donOt want interest. LetOs say you have a $2000 loan over 10 years at 10%, making annual
payments. If we just divided that up, itOd be $200 a year. Now, that first $200 payment isnOt
costing you a lot of interest, because you only borrowed it for a year. The second $200 youOll be
borrowing for 2 years; and by the time you turn in your last payment, youOve been borrowing it
for all 10 years of the loan. With a loan, itOs the last payment that makes the largest difference,
not the first.

You donOt see that increase on your periodic payment, because they figure everything out
in advance, add up the total sum of all the payments and all the interest they expect you to pay,
and divide that up evenly. As a result, the first payment goes mostly to pay off interest, and only
a little goes toward actually paying off the loan. As time goes by, more money goes to pay off
the loan, and less goes to interest. The graph of the situation looks like this:

Amount to principal

monthly
payment
Amount to interest

I .
time

Because the graphs are curved that way, you can see that the house example is correct: it is
possible, and actually likely, to go 2/3 of the way through the time involved without paying off
half the loan. The reason is that, early on in the loan, the payments are going to pay off interest,
and donOt do much for you in terms of actually paying off the debt.

There are so many ways to help yourself. The easiest is to put together as big a down
payment as you can. Those $0 down deals you hear at car malls are nasty, because suddenly
youOre stuck paying interest on the entire cost of the car. If you could put down $1000, thatOs a
thousand bucks you donOt have to pay any interest on. The second way to help yourself is
similar: turn in extra money early on in the loan. In the $2000 example above, suppose | turned
in $400 the first year instead of $200. Suddenly | have one less payment to make; IOm down to 9
payments total. But more importantly, | will no longer have to pay interest on thatytent!

ItOs going to save me about $300 in interest alone. Later on in the loan, paying extra money
really doesnOt have a lot of impact, but early in the loan, itOs huge.

Above all, take care of yourself financially. Be aware at all times of the impact of
interest. If your interest rate is high, and your loan is over a long period of time, the price of the
loan can easily be double the price of whatever youOre trying to buy. On the flip side, if youOre
investing money, the same principles work: if the interest rate is high, and your investment is
over a long period of time, the amount you end up with can easily be double what you put in!



1.1 Functions

Part 1. What the heck is a function anyway?

Functions can be defined in three basic waysE
1. Formulas
y=3x-1

is a formula. X is called the "independent variable" because it's chosen by someone
(either you, or the book); independent, as in you get a choice. Y is called the "dependent
variable" because its value depends on what you choose for x.

You may have seen the notation y = f(x). The function is the actual equation of x, like
3x - 1 in the example above. But since f(x) is usually set equal to y when graphing,
y=3x-1
f(x) =3x-1
are basically interchangeable. We typically use the second if we want to emphasize the
function itself, as an operation or set of operations. We use the first if we want to graph
the function, because then we have an x and y to arrange as (X, y), called an "ordered
pair”, which graphs to a point on the coordinate plane.

2. Graphs

If we plot all the little points (x, y) that work in the function, we get its graph.

: Some equations in y and x are not actually functions. It's probably
i easiest to determine this from a graph. If a vertical line passes

through the graph twice (or more than twice), then it's not a

\g function. I'll explain later why this is true.

not a funlbtion

3. Mapping

A function can also be viewed as a "mapping", which takes a number from X and
connects it to a specific counterpart in Y. You did this a long
time ago with tables, like this:

T

X The function, 3x - 1, "maps", -
-1 -4 Oto-1, 1to 2, and so on. ‘

3xb1 01 X
1] 2

For some reason, teachers from time immemorial have used the blobs in the picture
above to illustrate functions by mapping. Who knows why? | think they look like bad potatoes.



Anyway, these potato-blobs also offer a visual example of functions vs. non-functions:

FUNCTION NOT A FUNCTION

The reason the second one is not a function, is because there is an x that goes to
more than one y. That's just no good! Note that it doesn't matter, on the left, that there are
two x's with the same y. That's OK. But you can't do it the other way around.

Note that this is the same thing the vertical line test does-- it tests howytmany
go with each x. If there's more than one, it's not a function.

Function: A rule that assigns each element of a set X to no more than one element
of a set Y.

With this definition, we're intentionally vague, not because mathematicians like to
confuse people (though that's also true), but because we want to include all kinds of functions. If
you find a function that uses apples and bluebirds instead of numbers, we'd just call those
"elements", and it would work with our definition.

So don't let "element” confuse you. If you restrict "a set X" and "a set Y" to include only
numbers, then it becomes simplEunction: a rule that assigns each number "x" to no more
than one number "y". This means that each x gets only one y, not two! There are no restrictions,
however, on how many x's a y can have assigned to it.

For example, th@nction

y=x has ordered pairs (2, 4) and (-2, 4). Same y for 2 x's. That's okay.
Therelation
X =y has ordered pairs (4, 2) and (4, -2). The same x maps to two different

places! That's why | had to call it a "relation" and not a "function”.

So who cares if it's a function or just a relation? Well, no one, really, until you get into
college and start studying the theory behind mathematics. But it's good to know about just in
case.



Part 2: Domain and Range

Thedomain of a function is all the possible x-values you can plug into it.
Therange of a function is all the possible y-values that can pop out of it.

The only reason we worry about domain and range is because sometimes it's important to know
what the restrictions are on them. Here are a few examples of how domain and range can be
restrictedE

1. Fractions
Any time you have a function involving 1/x, or any process involving x on the bottom of
a fraction, remember that the denominator of a fraction can't equal zero. That means the
domain is restricted to real numbers other than the ones that will make the denominator
zero; for example:

5 domain is alth except +2
x“14
An interesting side point, not often noticed, is that fractions can also eliminate zero from
the range. If there's just a number on top, and a function of x on the bottom, thenE
¥ the top can't equal zero because it's already a number
¥ the bottom can't equal zero because it's the bottom
so the entire fraction can't equal zero either.

2. Square roots and other even roots
You've studied before, our lovely imaginary friend. In learning about him, you probably
learned that real numbers aren't very fond &ind of like your real friends felt about all
your imaginary friends. Anyway, since we're only concerned with real numbers in this
course, we're not going to accegither. Sorry.

What this means, of course, is that square roots can't have negative numbers inside. This
restricts the domain to whatever real numbers won't make the inside negative. The easiest
way to do this is a quick mental guess and check: figure out which numbers make the
thing equal zero, and then decide whether you'll get positives from the "greater than" side
of those numbers, or the "less than" side. Remember that the square root of zero is fine,
it's just zero. Perfectly real.

VX214 equals 0 at +2. Numbers between 2 and -2 will give a negative numberE

Therefore the domain 8 "2 and! -2.

Square roots also restrict the range to positive numberRange =i " 0

3. Absolute value
The domain is not affected by absolute value; you can plug in whatever the heck you
choose. But the range of course is restricted to positives, because that's what absolute
value does.
X - 4] Domain =R Range =R " 0



4. Squares and other even powers
Can you ever square a number and get a negative result? No? Then that means the range
is positive reals, just like absolute value. The domain, again, is whatever your little heart
desires.
(X - 4Y Domain =R Range =i " 0

Polynomials and most non-bizarre looking functions have no restrictions on domain or range.

Interval Notation

Okay, it's time to tie your own shoes now. Real mathematicians (ha ha) don't use < and > signs
when they talk about groups of numbers. We use interval notation instead, because it's shorter,
and captures a little better the idea that we're discussing possible values for a number. Plus, it
looks really cool and confusing to non-mathematicians, even though it isn't, really.

Briefly, interval notation uses two types of brackets, interchangeably.
[a, b] and (a, b).

The left hand ones are called "closed" or "inclusive" brackets because they contain the number
next to them. The right hand ones are called "open” or "exclusive" brackets because they do not
contain the number next to them, though they contain numbers very close to it. It's kind of like
the old number-line graph, with the open circle/ closed circleE.

< R > open circle: -4 is not included

-4 6 closed circle: 6 is included

In fact, it's exactly the same. The open brackets () are like the open circle, and the closed
brackets [ ] are like the closed circle. Get it? Open, open, closed, closed. See, we're not so bad.

We can also interchange brackets, so you'll sometimes see (a, b] or [a, b). In fact, the example
above would be written (-4, 6].

Anyway, then you put numbers inside, where the a and b are. The "a" is the left-hand boundary
of the region, and the "b" is the right hand boundary.

Remember how that old number line had arrows on the end? They meant infinity, right? Well,
would you believe it,, the bracket method allows you to%ass your right hand boundary, or
even %as your left hand boundary. Since you can't actually in&ioheyour set, they require
open brackets.

Here are some examplesE

O «0—0*
2 6 ° - 2 -3 5
[-4, 6) (-% -2) or (2,% (-3,5)
< -3 > < -2 8 >

[-3,99 [-2, 8]



1.2 Linear Functions

Part 1: Slope

Slope is probably the most important part of a linear function. It's the measure of how steep the
line is. A positive slope means the y-values of the function are rising (from left to right); a
negative slope means they're falling. A large number for slope (for us, "large" means greater than
1) means it's rising or falling quickly. A small number means it's rising or falling slowly.

A slope of 1 means the function rises evenly. It makes a line at a perfect 45; diagonal.

A slope of 0 means the function neither rises nor falls. It makes a horizontal line.

The slope does not exist for vertical lines. You can also think of them as having an
infinite slope, in that they rise so quickly that they never go horizontally at all.

| remember slope not by memorizing the slope equation, but by using the little jingle "rise over
run" which you learned in middle school. "Rise" is, basically, a vertical change. "Run" is a
horizontal change. Neither of those are new to your English vocabularyE | hope. But to translate
into math vocab, you just have to remember thaical change is change in y, because y is in
charge of the vertical axis. Correspondingly;izontal change means change in Xx.

So, figure out the change in y; figure out the change in x; put them as a fraction (rise over run)
and voi-la! Slope! The only sticking point is, make sure you start with the same ordered pair each
time.
(3,4) and (-1,7)E  rise = change iny = +3
-3 3

. 3
run = change in x = -4 Slope === or = or - 2.
RIS

Part 2: The Linear Equation: y =mx + b

The linear equation is a powerful equation in that it contains the two most crucial elements for
graphing the line, in one very easy-to-read equation. These two elementssaieethsienoted

by the letter "m", and thgintercept, denoted by "b". We discussed slope earlier. The y-intercept
is the point where the graph crosses over the y axis. It is important because it tells you where to
place your line on the vertical scale. It gives you, in effect, a starting pqint.

From there,
To graph these things, start by putting a dot on the y-axis where
"b" is. Then count up or down for the "rise" part of the slope, and /.
count to the right for the "run" part of the slope. Put another -

point there. Draw a line between them, and that's it. y= %x =z

count up 3, over 4
& startat 2

Before we move on, another quick note about vertical and horizontal lines. Vertical lines have
equations like "x = 4", with no y. Horizontal lines have equations like "y = -2", with no x. It's the
opposite of what you'd expect. But if you really think about it, when you say that x = 4, it means
that x can't change. It's stuck at 4, while y can be anything it wantsE creating a vertical line.

Equations with both x and y in them are slanted, or in mathematical terms, "oblique".



Part 3: Translating Other Formsintoy=mx +b

Unfortunately, the real world doesn't care much about y = mx + b, called "slope-intercept form".
Real world lines come in a variety of different forms.

1. Standard Form
Standard form is called that because it's the way linear equations usually start out. It is:

ax+by=c

where a, b, and c are numbers. To change it into y = mx + b form, just solve for y. As an

example,
2x -5y =15
-2X -2X
-5y = -2x + 15 (divide by -5)
y=2/5x-3

2. | have one point and the slope
These are so silly. First, notice that you can plug the slope, m, rightinto y = mx + b.
Then, notice that the point already comes in the form (x,y). So plug the m, x, and y into
the linear equation, and solve for b. Then rewrite the equationas"y=___ x+ ", wherey
and x remain variables, but m and b are filled in with the appropriate numbers.

Slope = 2, point = (1,3). Write 3=2 (1) + b E. so b = 1. Equation: y = 2x + 1.

3. All I have is two lousy points
All right. First, find the slope between those points. That's up in the previous section.
Then pick one of the points, whichever you like best. Now look what you've got! One
point, and the slope. So refer to the previous paragraph and work from there.

Part 4: Parallels and Perpendiculars
More common sense stuff here. Parallel lines go in the exact same direction, right? And
slope is an indicator of what direction a line is going inE so parallel lines have the same slope.
Perpendicular lines go in exactly opposite directions: as opposite as you can get, for they
cross at a 90 degree angle. So their slopes are also as opposite as you can get: reciprocals, with

the opposite positive/negative sign. This is called an "opposite reciprocal” or "negative
reciprocal”.

Slope Parallel slope Perpendicular s

3 3 -4
4 4 3
4 4 >
5 5 4
-8 -8 i

8



1.3 The Cost Function

Part 1: The basics

| bought my car for $15,000. Since then, I've been spending an average of about $175 a month
for gas, insurance, registration, maintenance, etc.

A lot of things, from businesses to rental agencies, follow the same principle: there is an initial
startup cost, and then a secondary cost to keep the thing going.

The startup cost is called tfieed cost because it is fixed: it does not change. If | had bought my
car, driven it home, and never moved it again, | would still have spent $15,000 on it. The fixed
cost is the startup fee: how much it costs to buy the car, set up the factory, buy office space and
furniture, use the parking space for the first half hourE whatever.

The secondary cost is called therginal cost. | don't know why. But it always has a "per" on it:
per month, per mile, per unit of production. If you were starting a business, this is where you'd
put the cost of your employees' salaries (per year), your supplies (per month), your advertising
space (per page), etc.

The cool thing about the cost function, at least the basic one, is that it's linear, y = mx + b. In the
equation, y is the total cost, m is the marginal cost, b is the fixed cost, and x is whatever the "per"
went with: the number of years, months, pages, etc. So my car equation would be y = 175x +
15000, with x being the number of months I'd owned it.

Part 2: Playing around

Now, since we have an equation, we get to solve stuff with it.

First example: It costs $200 to rent a car, plus $.50 a mile. (y = .5x + 200)
| have $500. How far can | go? (y = 500; find x.) Note that since | only had $500 to
spend, that is my total cost.
Now, replace the y (which stands for the total cost) with 500. (500 = .5x + 200)
Then solve for x. You should get 600 miles.

Second example: A lemonade stand costs $10 to set up, plus $.2 cents per cup. (y = .2x + 10)
At $.25 per cup, how many cups before breaking even?

Now, this is a little different. Let's look at the term "breaking even". You break
even when our total cost and your total profit are equal. HmE. so I'm making a total
profit of $.25 per cup, which | can write as .25x, in other words, 25 cents times the
number of cups | sell. The total cost is just y, which is .2x + 10. Think about that a bit
before moving on.

First, set up the equation .25x = .2x + 10

Then solve it. Remember to start by getting the x's together firstE the next step is
.05x = 10. The answer is 200 cupsE I'm staying out of the lemonade business, and so
should you.



Third example: A bar charges a $6.00 cover, plus $2.00 a drink after that. (y = 2x + 6)
Mary goes in the bar and has 4 drinks. (x = 4).
How much has she really paid per drink? Would it be cheaper to find a place with no

cover charge and $3.75 drinks?

Well, Mary's total cost is easy to find: y = 2(4) + 6 = 14. And since you know that she
had 4 drinks, you can just divide that fourteen bucks by four, getting $3.50. So she should
stick with her current bar. At three drinks, however, the other place is a better deal; I'll let
you figure that one out on your own.

Part 3: Who cares?

The relationship between fixed cost and marginal cost is not just important for business owners.
It's important for consumers, too, because the current trend in advertising and marketing is to try
to get you to overlook one for the other.

One example is the car commercial where they promise to finance you for Ozero down and $400
a monthO. They're trying to get you to think that $400 is the marginal cost. But it's not. It's just
the fixed cost spread out over a few years, with interest added. The easiest way to determine this
is to notice that you'll be paying that $400 a mamkbther you use the car or not. | can't tell you

how many friends of mine have had cars stolen, or who sold their cars after a few years, and
were still stuck paying off the fixed cost of the car.

The idea is to get you to forget the:/ marginal cost, for maintenance, gas, insurance, etc. The
non-math-god among us drools at the TV thinking, Ol can afford $400 a monthO, forgetting that
it's actually a lot more than that.

Bars do the opposite when they charge these exorbitant cover charges. They want you to forget
the fixed cost and focus on the marginal cost. Who cares if | spent $15 to get in when the beer is
only $1 a pint, right? Wrong, unless you expect to drink more than 5 pints of beer. Incidentally,
don't try that any time soon.

Note that if you ever get involved in marketing or advertising, you can use this to take advantage
of stupid people. Cool, huh?



1.4 Graphs of Higher-Degree Polynomials

This section involves being able to look at the graph of a function and tell whaifitsh/e
degree IS, What itgpossible degrees might be, and whether it's positive or negative.

Part 1: So Easy

All of these things involve looking at the first term of a polynomial, the one with the highest
exponent. The exponent itself tells the degree of the function, and the coefficient tells whether
it's positive or negative.

So, a polynomial that begins with%is a positive ?’-degree function;
a polynomial that begins with B5is a negativet@rdegree function.

First, let's look at the directions the ends of the graph will go for even degrees, or odd degreeskE

Positive even Positive odd

/X 7\ :;tuff /\
stuff l/

Negative even Negative odd

stuff ‘stu -
vV \

Now, let me clarify that OstuffO in the middle. The ends of the graphs will always soar off into
one infinity or the other, and that tells you the basics: even or odd, positive or negative. But to
get the actual degree of the function, you've got to look at what happens in between. Here are
some typical graphs of functions with differing degrees:

EVEN: positive 3° positive 4" negative 8 positive &'
ODD: positive ¥ negative § positive 7" negative §

Nl Ll

Notice that all you really have to do is count the number of direction changes, and that gives you
the number of degrees. For example, the negative fifth goes down-up-down-up-Halegrée.
So easy.



Part 2: Not so easy

Unfortunately, real graphs often aren't as easy to read as the ones I've
provided. Sometimes you get a bunch of direction changes right next
to each other. When this happens, you get an unusual flatness in a
section of the graph. Remember the graph of §, with that strange
flattening around zero? That's an example of what I'm talking about. y= X
The 3%degree function wants to go up-down-up, but it's got two
direction changes stacked right at zero. So the OdownO only shows
itself as a flatness, not an actual downward motion.

When you get these weird flattenings, you often can't tell how many changes are stacked up in
them. So offer your best guess, but you should also note that it's possible that the function could
be the next higher functions of even or odd degree. Two examples follow.

A XA /

VAR \V

Flat: probably —x’ Flat: probably x°
Could be —°, x'!, etc. Could be x°, x"°, etc.

1.5 Transformations

Transformations are a nice way to dash off a quick-and-dirty graph of a simple function with a
few changes made to it. For example, if you know how to graph®ythen you can use the
properties of transformations to predict how the graph will change if you add, subtract, or
multiply other numbers by either x or y. If you didn't learn about transformations when you
studied conic sections or trig functions, try looking over your old notes. They'll make a lot more
sense after you master this section.

Part 1: Some Simple Functions Often Used in Transformations

Transformations are always based off of one original function that has a bunch of numbers
added, subtracted, or multiplied inside or around it. Here is a reference of the common functions
used in transformations, and their graphs.

1/x | Jx

x? ‘ x® ‘ sinx log x

| |




Part 2: Determining Inside vs. Outside

The idea of transformations is that, once you know the graph of the main function, you can then
tell how the graph is going to change based on numbers being added to, subtracted from, or
multiplied by the function. It's important to identify whether these additions happen OinsideO the
function, or OoutsideO the function.

Numbers that get added, subtracted, or multiplied by the varidlefere the main function

happens are considered OinsideO the function. The order of operations, P-E-MD-AS, which you
learned a long time ago, applies. The functions (*£-8)°, and sin (x + 2) all have changes
inside the function. You subtract, multiply, or add before squaring, cubing, or taking the sine.

Numbers that get added, subtracted, or multiplfed the main function happens are considered
OoutsideO the function. Two examples of this“are3xand 4 log x. In the first case, you would
square xthen add 3; in the second, you'd take log x and then multiply by 4.

Part 3: Inside

We deal with numbers inside the function in the opposite order of operations. So, if there are
many transformations involved inside, you'd work with the transformations from adding or
subtracting first, then from multiplying.

Numbers that show up inside the function affect it horizontally, usually in the opposite direction
you'd expect. Adding and subtracting move the function. Adding moves it to the left; subtracting
moves it to the right. So, in the example of (x H¥&u'd start with the basic graph éfand

move it six spaces to the right.

Multiplying by a negative inside the function flips the graph over the y axis. | call this a book flip
because it's similar to turning the pages of a book, in which the axis of reflection is vertical.

Be careful that you're actually reflecting the function over the y-axis and not the axis of the
function. For example, a common mistake is to take the graph of (% prdperly move it to

the left 4 spaces, and then flip it over the line x = -4 rather than the y axis. The proper graph
should end up with the vertex at positive four.

flip
here

<— |left 4

RIGHT WRONG

~——
flip

Multiplying by a number inside the function is a little more complex. We don't deal with it in this
course. For the record though, multiplying by 4 inside would shrink the function horizontally
(skinny it) to 1/4 of its original width. Multiplying by 1/2 inside would stretch it horizontally
(fatten it) to twice its original width.




Part 4: Outside

Numbers outside the function affect the graph vertically, in the way you'd expect. They also
behave according to the order of operations, so you'd multiply first, then add or subtract.

Multiplying stretches or shrinks the graph vertically by a factor of whatever you're multiplying

by. So the graph of 3xvould will be the basic parabola stretched vertically by 2. The graph of

.5 will be smooshed to half its original height. Notice that a vertical stretch will make the graph
look OskinnierO horizontally, and a smoosh will make it look OfatterO. You can use these as
shortcuts for graphs like?x<, but not for graphs that do not curve up to infinity fairly quickly.
When you sketch this transformation, you're basically just eyeballing the stretch, though it's not a
bad idea to plot a few points.

Multiplying by a negative number flips the graph upside down over the x axis, which I call a
Ocalendar flipO because it's analogous to turning over a calendar page, with the axis horizontal.

Adding will move the function up; subtracting will move the function down.
will move the function up; subtracting will move the function down.

Part 5: Ready for some examples? Me too. Here are a few.

Example 1: (5 b %)+ 4 Example 2: 2(x + )

1. % 4. 1. % 3.

2. left5 2. left 1

3. book flip 3. stretch by 2 2 1.
4.up 4 2 1. 3.

Example 3:- J4-x +3

1. I 4.

2. left4 2. 1.
3. book flip é/

4. up 3 3

1.6 Quadratics

If the last section was quick and dirty, this section is slow and prettyE sort of. Since quadratics
come up a little more often than you'd think, there are some methods for graphing them more
accurately, in particular noting important points like the vertex and the intercepts. Here's how.



Step 1: Find the vertex

The equation for the vertex may ring a bell, since you've learned it before. The vertex, remember,
is a point, so it has an x and a y coordinate. You'll need to find both. The x-coordinate follows
the equation

where a and be are in their usual places in the general fofm b+ c. So, the vertex of the
equation 2XD3x + 1 would fall at 3/4, since D (-3) is positive 3, and 2(2) = 4. So far so good.

The y-coordinate has it's own equation, but it's disgusting. It's easier to remember thaty = ax
bx + c. Since you know what x is already, you can just plug it into the equation to gety. In the
previous example, x = 3/4; so for y we would getEy = 2(38)3(3/4) + 1...y = 2(9/16) b 9/4 +

1.y=9/8D9/4+1=9/8D 18/8 + 8/8 =-1/8. So the vertex is at (3/4, -1/8). So much for that.

Step 2: Find the x - intercepts

The x-intercepts are where the graph crosses the x axis, in other words, where y = 0. You get
them by solving the equation’x bx + ¢ = 0, either by factoring or using the

b + Vb2 - 4ac

Quadratic Formulax = oa No roots

Remember that it's possible for a parabmlato cross the x-axis. This

happens if it's a positive parabola with a vertex above the x-axis, or a negativ
parabola with the vertex below the x-axis. If the square root in the above equatiop|i
imaginary, that means there are no x-intercepts.

With the quadratic equation, make sure that you simplify it fully. And, since the point of this
section is graphing, you'll have to change your square-root answers into actual decimals.

Step 3: Find the y - intercept

The y-intercept is pleasantly easy to find. It's where the graph crosses the y-axis, in other words
where x = 0. Now, if you plug 0 into &% bx + c, the first two terms cancel and you end up with
c. That's your y-intercept. Refreshing, isn't it?

Once you get that, though, remember that all parabolas are symmetric around the vertical line
containing their vertex. So, reflect the y-

intercept over to get an additional point on -
the other side of the parabola.

y=2¢D3x+1

vertex: (3/4, -1/8)... see above

x-intercept:

= 3i‘/i-4(2):3§l:%andj | | | |

y- intercept: 2(AD 3(0) +1=1 4




1.7 Graphs with Asymptotes

Functions approach asymptotes but never cross them. The asymptotes, therefore, provide a nice
framework for the graph once you find them.

Asymptotes happen where the function is undefined. Specifically, if you look at stuff like the 1/x
function which we examined earlier in the chapter, you will notice that there are certain numbers
which x can't equal. Specifically, the denominator of the function can't equal zero. So, there will
be a vertical asymptote that crosses the x-axis at whatever number will make the denominator
zero. This is represented on the graph by a dotted line.

There are also horizontal asymptotes. These are kind of fun to find. Horizontal asymptotes are
found using the idea that the graph will approach very close to a certain number when x is very
large or very small. Let's try extremely large, since negatives are such a pain in the tookus.

Okay. We've got the functioﬁ%. The vertical asymptote is at -2; | got that by finding

where the denominator equals zero. (In other words, | solved the equation 4x + 8 = 0.)

Now for the horizontal. Suppose x is infinitely large. We're talking really big. So, that minus 7 is
almost totally irrelevant to the value of the function, right? | agree. Cross it off. Same with the
plus 8 on the denominator. What we're left with, 2x/4x, readily reduces to 1/2. So, you'll have a
horizontal asymptote crossing the y-axis at 1/2. Lovely.

Once you've got your asymptotes, you have the frame of the graph. Now, you just need one point
as a reference, so you know which two quadrants it's going to graph in. Choose a nice, easy X
value (make sure you don't choose an illegal value for x, okay?) like O or 1; plug it in; graph that
point. Then reflect the point over to the opposite quadrant, since these types of graphs always
have hyperbola-looking things opposite each other. Now, using that point as a reference, sketch
the remainder of the graph around it, approaching but not crossing the asymptote boundaries.

Here are a couple of examples.
2x - 7 , X+ 8

. ernt @ -2 . vert @ 4
4x + 8 vert @ -2 @
horiz @ 1/2 horiz @ -3
pluginx =0
S gety=-2 /
/ é//'
pluginx=0
gety=-7/8




Random stuff needed for Calculus

1. Even or Odd

A function iseven if f(-x) = f(x). The graph will be reflection symmetric about the y-axis.
An example of an even function i§ xotice that (-xj = 2. Another example is cos (x).

A function isodd if f(-x) = -f(x). The graph will be rotation symmetric about the origin.
An example of an odd function ig;note that (-xj = -(). Another example is sin (x).

Most functions are neither even nor odd. IOm okay with this. You should be too.

2. Piecewise functions

Piecewise functions are used to obtain a desired graph of unusual shape. We divide the
graph vertically into different regions; each region has a different function. HereOs an example:

\/V -XxD 2 on ¢, -2]

Function= | 4! x? on (-2,2)
X D 2 on [2¢)

We get the function by dividing the graph into 3 sections, and then figuring out what the
equation is in each section. The obvious division points are at the major change points in the
graph B the endpoints of the semicircle. IOve shown the lines extended in grey so that one can
clearly see that they actually are the lines indicated by the equations shown. Note that interval
notation is used to indicate the regions.

HereOs an example of graphing a given function:

3x +4 on (e, -1]
Function=4 x on(-1,2]

-X + 6 on (2)

Note that | graphed all the functions on the same axis, and \
merely highlighted the dominant function on each region.
This is the easiest way | know of to do this sort of graph.

Additional stuff to review from previous classeskE

* circle equation &+ y? = P E algebra 2
* circle equation (x B Ay (y B k§ =~ E algebra 2
* special triangles 30/60/90 and isosceles right E geoltrig

* primary trig identity sif + co$ = 1 E trig

* logarithm properties E algebra 2/trig



11.1 Limits: lim f(x) = L

A function has a limit at a if, at x-valuesry close to a but not necessarily equal to a, the y-
values on the graph of f(x) are very close to the same y-value on both sides of a. This y-value is
called thelimit. The mathematical way of saying this is:

The limit L exists at a if

for everyd, there exists an such that
if X D a|] 9, then [f(X) P L| <.
What do you mean you donOt understand that?

HereOs my best shotE In math, the greek leti¢delta) and: (epsilon) represent very
small numbers. The left side, [x B &|, sneans that the distance from x to a is very small; in
other words, x is really close to a. The right side says that the distance from f(x), or y, to the limit
L, is also very small. This must happen for every deltaE which means that no matter how close
X gets to a, the y values must remain close to L. The word OneighborhoodO is used to describe the
tiny region near each valuek if x is in theighborhood of a, then y is in theeighborhood of L.

The main thing with limits is to note that the function doesnOt have to exist at the point a;
there can be a hole there, and the limit will still exist. This is because weOre only talking about
what happenslose to a.

Graphically, hereOs some examples:

Limits exist everywhere Limits [exist everywhere  Limits exist everywhereNd limit at x=2

A function lacks a limit only if it it has a jump or break; or if the graph has a vertical asymptote
with each side of the graph going to different infinities (one positive, one negative).

This is all well and good if you have the graph. But how do you find limits from the equation of
a function?
The steps, in order:
1. Try to plug a into f(x). If itOs defined and you get a number answer, thatOs your limit.
*lim x2 + 4 = 13.
2. Try to simplify f(x) by canceling fractions, factoring and reducing, eliminating
radicals, or whatever. Then plug in a and see if it works.
2
Him x4 _ x+2)(x! 2) = 42
x! 2 x! 2
lim x+2 = 4.

3. Plug numbers into your calculator that are very close to a b one greater than, one less
than. If they seem to approach the same number, then thatOs your limit. If itOs totally different,
then the limit doesnOt exist.

In X
x! 2
plug in 2.00000001E get 69,314,718
plug in 1.9999999E get b 69,314,718 no limit exists!

*i




11.2 Continuity

The LaymanOs Definition . ‘ "/\0\
In simplest terms, a function dsntinuous /R e |
wherever you can trace its graph without N N\

lifting your pencil. For the graph to the right,

you can actually trace most of it without lifting your

pencil B but youOll have to wherever there is a break or a hole. These places are called
discontinuities. | didnOt scale the graph, but letOs guess that they occur at x-values of B3, -1, 1,
and 4 or so. Everywhere else D at all other x values b the graph is continuous.

The MathematicianOs Definition
You may have noticed that the places identified above had the same types of strangeness that
showed up in the graphical section for limits. Not surprisingly, mathematicians define continuity
in terms of limits B and this is the definition youOll be using if you ever have to prove that a
function is continuous, or discontinuous, at a point. The mathematicianOs definition says a
function is continuous at x = a if and only if

lim = lim = f(a)

X" a x" a
So forget about mathematiciansE what does that mean? If you choose a random point from one
of the continuous sections of the graph, and put a dot on the graph at thatpoint,
youOQll notice that as you approach that point from the left, the limit will be at th
point; as you approach that point from the right, the limit will be at that point; and, the
actual value of the function will be at that point. This means itOs continuous. In the discontinuous
graph above, the problem at B3 was that, although the limits were equal, the actual value of the
function was elsewhere. At B1, the left and right hand limits did not agree. At 1, the left and right
hand limits again did not agree. And, at 4, the limits were equal but there was no value for the
function at that point. All of the other points had the characteristic that the limits and the value of
the function were equal, meaning the function was continuous everywhere except the points
listed above.

Common discontinuous functions

1. Rational functions are discontinuous wherever the denominator is 0.

atx =2, or

These values of x will indicate either an asymptote, as in the case of — 5
X
2 n
atx = 4.

an open hole in the graph, as in

You may recall that the graph of the square root function, X, has an
endpoint. The function is clearly discontinuous at this endpoint, which occurs in any even
root function where the stuff inside the radical sign is equal to 0.

3. Piecewise functions are often discontinuous at the endpoints of the intervals.
Sometimes the two adjacent functions meet up at the boundary, and sometimes they don’t.
The best way to determine this is to plug the boundary value into both functions and see if
they yield matching y-values.

2. Even-root functions (square™ 4oot, etc.) are discontinuous whereve%ﬂicand is 0.



11.3 Average Rate of Change

Theaverage rate of change of a function is simply how much its value (y-value) changes
over a certain interval (x-values). So, a car that goes from mile marker 70 to mile marker 90 in
10 minutes would be going 20 miles per 10 minutes, or 2 miles per minute, or a whopping 120
miles an hour. This doesnOt mean that the car went 120 miles an hour the whole ten minutes. It
might have plodded along at a mere 110 miles per hour for the first few minutes, zoomed up to
150 for a little while, and settled in at 118 for the rest. Still, if it went 20 miles in 10 minutes, it
was going b on average b 120 miles an hour.

When calculating average rate of change, typically you will be given a function and an
interval, like f(x) = X © 4 and [0, 3]. You will need to find the actual point (x, y) at the start of
the interval, and the point (x, y) at the end of the interval. Then, simply find the slope between
them B the change in y over the change in x. Our function? P=xgoes from the point (0, -3)
to the point (3, 5) over that interval B a change of 8 in the y direction, over a change of 3 in the x
direction. (To find the y-values, | simply plugged the x-values of each
endpoint into the equation.) So its average rate of change
on the interval [0, 3] would be 8/3. /

On the graph of the actual function, this value
will correspond to the slope of the line drawn between /
those two points.

11.4 The definition of derivative y = f(x)

LetOs say you have this graph:

Now, letOs say that instead of the average ¥
slope between two points, you wanted to

find the slope of a lineingent to the graphE

letOs say that line in gray. The first problem is, the
slope of the tangent line changes depending on where you go on the graph of the
function... the curviness of the graph makes the tangent lines go steeper, or shallower,
depending on where you drawthem. The second problem is that even though westamte
the slope from the graph, we camtulate it from the equation without doing something
sophisticated.

The sophisticated thing

LetOs look at a line thatOs pretty close to

f(x+h) being tangent, but isnOt. I0ve drawn some
reference lines to the x and y axes from the
f(x) points where the line crosses f(x).
X h x+h

¥

The first x point 10l just call x. The distance between them I0Il call h, making the second point
x+h. Then if | plug them both into the function | should get the y-values, f(x) aal)f(



Now, the slope of that line is just rise over run, or change in y over change in x. The change iny
is f(x+h) B f(x). The change in x is (x+h) b x. So if we make that a fraction, after simplifying we
get
slope :f(x +h)! f(x)

h
That gives us the slope of the line we drew, which does absolutely nothing for us because it isnOt
tangent. If we choose h small enough (ie, the second point fairly close to the first), weQll get a
pretty good approximation of the tangent lineOs slope. And, if we make h smaller, weOll get a line
thatOs closer to the tangent line at xE in fact, the smaller h gets the closer the line gets, until
finally when h = 0 you get the tangent line itself. So what weOre saying is that as h gets close to
0, the slope gets close to the slope of the tangent lineE which, mathematically, is written:

f(x +h)" f(x)
h

lim
h 0

And thatOs it! (wow!) Notice, however, that with h in the denominator we canOt just plug in O to
find the limit. With this limit problem, you will always get 0/0, which is a clue to use the
algebraic method: simplify first, then plug in 0. HereOs a couple of examplesE.

l.y=3x+2
2.y=X

This equation is known as thlerivative of the function. Basically, itOs an equation that will give
you the slope of the tangent line at any point x on the graph. So, if | was dealing with the
function y = ¥, with the derivative 2x, and | wanted to know the slope of the tangent line at x =
3, all I would have to do is plug x = 3 into the equation 2x, getting a slope of 6. The slope at x =
0 would be 0, and the slope at x = -2 would be B4.

Some other names for therivative are:
fO(x), read Of-prime of xO
dy/dx
Dyy
the slope of the tangent line at x
the instantaneous rate of change of y (or f(x)) with respect to x
(d/dx)y, or (d/dx)(f(x))

The last thing that you can do, knowing the derivative, is find the agtuaton of the tangent
line to the graph. Again using the function y%ik| wanted the equation of the tangent line at x
= 3, I would need

1) an x coordinate E duh, x = 3

2) ay coordinate E plug into the original function. y Zand x =3, soy =9

3) aslope E plug into the derivative. m = 2x and x = 3, som = 6.

Then, | can just use point-slope form, yd&yn(x B %), givingme y b 9 = 6(x b 3). Ta-da!



12.1 Shortcuts for derivatives

The very good news is that there are shortcuts to that Odefinition of derivativeO method. ItOs good
to know that method, just so you remember how the derivative works, what it means, and where
it comes from. But the pattern people found is thatE

numbers— 0 E.c—0
X — 1, 2x— 2, 3x— 3, 4x— 4, etcE E. NX— N
X2 = 2x, XX — 3, x* = 4x3, x° — 5X*, etcE £ x"— nx"!

Any coefficient of x can be ignored when taking the derivative, and then just multiplied by the
result. Any combination of terms added or subtraghednot multiplied or divided) can just be
separated out and recombined after the derivative is taken. So, hereOs an example of all the
previous facts combined:

5X'D 2% + 18X D12x + 17 — 20X D 6% + 36x D12

Some helpful reviewE
1. Square roots can be re-written as fractional exponents

IR =X 12 52 = L

24/x
U = ar = B

2. xOs on the bottom of fractions can be re-written as negative exponents
Ux=x*— -x% = -1U¥
3/x* = 3x* — -12x° = -12/¥
2/\/— — 2)(-1/2_> X-3/2

Derivatives are written several ways. | use an arrow to show that IOm taking a derivative, but
there are a lot of ways to tell someone to do itE HereOs a few.
1. Find fO(x) when f(x) = 2x

2. Findi 2%%
dx
3. Find O 254
4. Find the derivative of 2x
5. Findg wheny =2
dx

6. Find an equation for the rate of change of y with respect to x if 7.= 2x
The first and fourth are the most commonly used in the beginning; the other forms crop up as
calculus gets more involved. The second, third, and fifth forms share an emphasis that weOre
taking the derivative (of y, as in 5, or of the function, as in 2 amdtByespect to x. The reason
is, when you start working with functions that have more than just x®amdnning around,
you need to know which to treat as constants and which to treat as variables. The sixth
concentrates on physics applications of the derivative, which we will not explore in this class.



12.2 The product rule and quotient rule

In this section, weOre going to learn what to do with functions that involve terms being
multiplied rather than just added. In last section, it was mentioned that we canOt just separate
them out, derive, and re-multiply. Instead, we use a rule called the product rule, which states
thatE

f(x) g(x) = f(x) gO(x) + fO(x) g(x)

In other words, take the derivative of the separate parts; but then, multiply the first part
times the derivative of the second part, and the second part times the derivative of the first; and
add the results.

HereOs a couple of examples:

(3x* +2)(4x" 7)
# # $  (6X)(4x-7) + (4) (3% +2)
6X 4 = 24X " 42x+12x* +8=36x>" 42x+8

(2x3" 4x3)(6x" T)# (6x*" 8X)(6x" 7)+(6)(2x°" 4%?)
=36)C-42XC-48X%+56X + 12% D 24%
= 48x-114X+56X

The same sort of thing works with quotients, which are just two terms divided. This rule
is a little uglier. It says:
_f(x)  derives to_g(x) fO(x) B f(x) gO(x)
9(x) (@)

Notice that unlike the product rule, order matters in this one because youOre subtracting, not
adding. Take the derivative of top and bottom. Multiply the bottom times the derivative of the
top; subtract the top times the derivative of the bottom; divide by the square of the original
bottom function. ThereOs a little jingle to remember the order that goes like this:

Low d-high minus high d-low, square the bottom and off we go!
1tOs kind of silly, but youOll love it.

HereOs a couple of quotient rule examples:

3x+4"
2x " 2

Using Olow d-high®, we g3 X+ 4)(2) _6x"6x"8_ "8 _"2
’ (2x)? 4x? 4x®>  x*

%2+ x" 3# 4x+1
6x"7 # 6
(6X" 7)(4x+D" (2x2+ X" 3) _ 24x>" 22x" 7" 2x2" x+3 _ 24x>" 23x" 4

(6x" 7)° - (6x" 7)° o (6x" 7)?

giving




Sine and Cosine derivatives

The derivative of sin X is cos X.

The derivative of cos x is Psin x.

The derivative of tan x is Seg.

The derivative of cot x is -C8&.

The derivatives of csc x and sec x exist and arenOt too ugly, but | always forget them. HereOs
why: As long as you remember the first two derivatives, you can find the rest.

For example, tangent: tan X = Sin % cOS X
COS X — -Sin X
Using the quotient rule, this all equals 0B (-sifx)
cosx
E but since the top is cd% + sirfx, which equals 1, the whole thing is just 1/%9s
which is setx. You can do this with any of the combination trig functions to get the derivatives.

12.3 The chain rule

This is another ugly rulek It says that
f(9(x)) — fO(g(x)) gO(x)

f(g(h(x))) — fO(g(h(x))) gO(h(x)) hO(x)
and so on.

and

Still meaningless? Yeah. What it means is that if you have a function inside another function,
like (2¢B 5xJ, or sin(2X), you can find the derivative using the following steps:

1. Pretend the entire inside function is an x; take the derivative of the outside function,
leaving the inside function as it is.
(23 b 5xJ is similar to X, and becomes 7(2€ 5x§
sin (2) is similar to sin x, and becomes cos?2x
2. Take the derivative of the inside function and multiply that by what you got in step 1.
So, the final derivative of (3 5xJ is 7(2% B 5x§ (6x* D 5)
and the final derivative of sin(2x is (cos(2%) (4x) or 4x cos 2

If you have more than one function embedded, just repeat the process more than onceE
sin® (3x°), which equals (sin(3))°, becomes
3 (sin(3X))?, times cos (33, times 15%, which is
45x%* (sin(3x%))? (cos(3X)).
(2x% + cos 3xf becomes
4(2% + cos 3x§, times 4x D sin 3x, times 3, which is
12 (2¥¢ + cos 3xJ (4x D sin 3x).

The key is to work your way inwards one function at a time, and only one! The more practice
you get with these, the better off you are.



Natural Logarithms and Related Functions

The derivative of In x is 1/x.
The derivative of € is €.

The main problem with taking derivatives of these types of functions, is remembering to use the
chain Iggle properly. Note that In (f(x)) derives to1/f(x) times fO(x), and'thalegives to
fO(x) &.

Some exampleskE

In |2x| — 2—1)(!2 = %

In (3x%) — 3—)1(2!6x = ;

e — - 2 =28
e 1 ¥ vex = 6x&’

13.1 Relative extremes

Relative extremes are the places on a graph of a function where it reaches a high point or
a low point. TheyOre calledative extremes because not all of them are the absolute highest
point on the entire function. In fact, most of them arenOt; theyOre just the highest point in their
area. For this reason, theyOre also called local maxima (maximums) and local minima

(Minimums).
M~ L
l \¢/

Notice that the extremes happen in two situations: the first, where the tangent line is horizontal
(ie, has a slope of zero); and the second, where the derivative doesnOt exist. It doesnOt exist at th
pointy place because there are an infinite number of lines that could be drawn tangent to the
point (remembering that OtangentO means only touching the graph in one place). The other place
derivatives donOt exist is at asymptotes, or when the tangent line exists but is vertical.

We will learn in this section to find those places where the tangent is horizontal or
doesnOt exist; the eventual goal of the chapter is to be able to create an accurate graph of a
function working from its equation.

The steps to find relative extremes are as follows:

1. Find the derivative of the function.

2. Check for any x-values where the derivative does not exist. Note that if they do not
work in the original function either, these points will mark an asymptote, and can be ignored.

3. Set the derivative equal to zero, and solve.

4. Plug in resulting points from steps 2 and 3 into the original function to get y-values.
An example: y = ¥P 6% + 9x b 18

tangent is horizontal
S ARt > 9



step 1: yO =8P 12x + 9
step 2: As there are no fractions or roots in the derivative, there are no points where it
doesnOt exist.
step 3: 38D 12x+9=0
30¢P4x+3)=0
3xb3)(xb1l)=0
x=1,3
step4: iIP@’+¥ D18=1D6+9P 18=-14
FDeF+93D18=27D54+27D 18=-18
The extremes of this function are at (1, -14) and (3, -18).
One can tell by the y-values that 3 is a local minimum and 1 is a local maximum.

Example 2:y = 4x D 6%
step 1: yO = 4 D%

step 2: As this simplifies td ! % the derivative does not exist at x = 0. Since 0 works

in the original function, this will be an extreme.
step 3: 4D 48 =0
4xR =4
X-l/3 =1
x=1
step 4: #0 - 6407°=0D0=0
M1 -64°P=4D6=-2
The extremes of this function are at (0, 0) and (1, -2).
One can tell by the y-values that 0 is a maximum and 1 is a minimum.

13.2 Increasing/ Decreasing

slope is
positive ]

slope is \/ //

negative
When you graph a function that has ups and downs, you can use the derivative (the slope of a
tangent line) to determine where the function is increasing, and where it is decreasing. A
function is increasing when the slope (derivative) is positive, and decreasing when the slope
(derivative) is negative. Notice from the graph that the function changes from increasing to
decreasing at points where the tangent line is horizontal (slope 0). This makes sense, because
numbers change from positive to negative by going through zero.

/L7 slope is positive




To find where a function is increasing or decreasing, use the following steps.

1. Take the derivative.

2. Check where the derivative does not exist. Also, set the derivative equal to zero and
solve, to find the x-values where the tangent line is horizontal. Make a number line and place
these points upon it.

3. Test each interval by plugging a number from the interval into the derivative. If this
yields a positive result, the function is increasing on that interval. Negative indicates that the
function is decreasing on an interval.

Shortcuts for step 3 (optional)

* If the zeroes of the derivative are single roots, they will switch the value of the
derivative from positive to negative. In other words, if the interval on one side tests positive, the
interval on the other side will test negative.

* |f the zeroes of the derivative are double roots, they will not switch the value of
the derivative. The two intervals on either side of the root will have the same value.

* X-values found where the derivative does not exist may or may not act as
switches. One must test both intervals to determine their values.

Example 1: f(x) = XD 6X + 9x D 18

step 1: fO(x) = 3B 12x + 9

step 2: exists everywhere
3P 12x+9=0
30¢P4x+3)=0
3xb1)(xb3)=0 atland3 1 3

step 3: plug 0, 2, and 5 into fO(x)
3(0%) b 12(0) + 9 is positive
3() B 12(2) + 9 = 12 B 24 + 9 is negative
3(59) B 12(5) + 9 = 75 B 60 + 9 is positive + 1 - 3 +

The graph goes up-down-up.

Example 2: f(x) = 4x D 6%
step 1: fO(x) = 4 DA%
step 2: does not exist at x =0

4D 4xP=0
4x*R =4
x*=1 at1 0 1

step 3: plug B1, .5, and 2 into fO(x)
4D 4(-1}°= 4 - -4 is positive
4 B 4(.5Y°= 4 b 4(1.26) is negative
4D 4(2)®= 4D 4(.79) is positive + 0 - 1+

This graph also goes up-down-up.

Note that for the interval numbers | tried to keep it fairly simple. You can choose any number
you want to test the intervals; in the first problem, | could have chosen .9, e, and pi; or, -1, 2.5,
and 4. The numbers you choose are up to you.



13.3 Absolute Maximum and Minimum values

The absolute maxima and minima are the highest and lowest poittseanire graph or
a given interval. There are really two types of problems, depending on whether they give you an
interval or not.

No absolute max/min on entire function (it goes to infinity)
If we restrict it to the interval [0, 4], we have a minimum where
\ 4 the function bottoms out, and a maximum at the right endpoint

\  Wwherex=4.

To find absolute' maxima and minima if theredsinterval,

1. Visualize the graph of the function. Remember the basic graphs of positive and
negative odd and even functions from the first section! Typically if there is no interval, there will
also be no max, no min, or both, because almost all functions head towards infinity eventually.
For example, a positive even function will have no max. A negative even function will have no
min. An odd function B positive or negative B will have neither max nor min because one side
goes to positive infinity and one side goes to negative infinity.

2. If there is a max or min, use the steps from 11.1 to find the local maxes and mins. Plug
each of these x-values you find into the original function to find the y-values for each. If you are
looking for a max, choose the point with the highest y-value. If you want a min, choose the point
with the lowest y-value.

To find the absolute maxima and minima if tharen interval,

1. Find local maxima and minima using the steps from 11.1. If any of these x-values are
not on the interval, discard them. Plug each of the remaining x-values into the original function
to find their y-values.

2. Plug the endpoints of the interval into the original function to find their y-values. We
do this because, as in the graph above, the highest or lowest value may occur at an endpoint.

3. The absolute maximum is the point with the highest y-value.

The absolute minimum is the point with the lowest y-value.

Example: Find the absolute maximum 3#x6% + 9x B 18 on [2, 5]

step 1: fO(x) = 8B 12x + 9
3P 12x+9=0
3(xD 3)(xD 1) =0atx=1and 3. Throw out the 1 because it isnOt on [2, 5].
f(3) = 27 D 54 + 27 D 18 = -18.

step2:f(2) =8P 24 +18 D 18 = -16.
f(5) = 125 D 150 + 45 D 18 = 2.

step 3: absolute maximum at (5, 2)
absolute minimum at (3, -18)



13.4 Concavity

In 11.4 weOll be dealing with the second derivative D the derivative of the derivative. To
find it, one simply takes the derivative, then takes the derivative of the answer. There are also
third and fourth derivatives, and so on. The first derivative is fO(x), the second fOO(x), the third
fOOD(x), and fourth and up are wrifter),ff)(x), and so on.

The first derivative tells us how fast the function is increasing or decreasing; the second
tells us how fast the increase or decrease is changing. In physics, this is like the acceleration of a
moving object... the first derivative would be velocity (how fast the position is changing), and
the second is how fast the velocity is changing. Graphically, this comes out to something called
concavity. It talks about the curviness of the function.

\

v / ‘
concave up (like a cup) concave down (like a frowi)
second derivative is positive second derivative is negative

Functions of third degree or higher will often change concavity at one or more points.
These are called th®ints of inflection of the function.

concave down

concave up concave up
Obviously, the points | put on the graph are just guesses. But the second derivative allows us to
determine exactly where they are. Since these are the points where the graph changes from
concave up (2nd derivative positive) to concave down (2nd derivative negative), then these must
be the points where the 2nd derivative is 0.

This graph of an*function
has 2 inflection points.

To determine concavity, therefore, follow these steps:

1. Take the derivative.

2. Take the derivative of that to get the second derivative.

3. Find where the second derivative does not exist. Then, set it equal to 0 and solve it to
find the points of inflection of the function.

4. Plot each of those x-values on a number line. To test concavity, plug numbers from
each interval into the second derivative. Positive means concave up, negative concave down.

Example 1: XD 6X + 9x D 18
step 1: fO(x) = 3 12x + 9
step 2: fOO(x) = 6x b 12

step 3: exists everywhere 7\

6xb 1l2=0atx=2 cd 2 cu
step 4: plug 0 and 3 into fOO(x). '

6(0) b 12 is negative \J

6(3) b 12 is positive
Example 2: 4x b 6%
step 1: fO(x) = 4 DA%



step 2: fOO(x) = 4/8%
step 3: does not exist at 0 v \\/
4/3 x** = 0 nowhere. cu 0 cu
step 4: plug -1 and 1 into fOO(x). !
4/3 (1)*® is positive
4/3 (-1)*? is positive
You can tell just by looking at our rough sketch on the number line, what general shape
the graph is going to have. Notice that point (called a cusp) at 0. ThatOs why the first derivative
doesnOt exist at OE those two concavities will meet in a way that creates an infinite number of
possible tangent lines.

The other cool thing about the second derivative is that it can provide a quick way to
determine whether your local extremes are minimums or maximums. LetOs say you start with the
equation X + 43¢ B 21X + 20, and you use the derivative {4x12¥ B 42x) to find that the local
extremes are at x = 0, -5, and 2. Now, take the second derivative, getting28xD 42.

If you plug in the three points into the second derivative, you will find that:

fOO(0) is negative, meaning that the function is concave down at 0.

fOO(-5) is positive, meaning that the function is concave up at D5.

fOO(2) is positive, meaning that the function is concave up at 2.

This tells me that 0 is a maximum, and B5 and 2 are minimums. | already know from the
first derivative that these are turning points; if the function is concave dpwn, ~. | know
that the only possible turning point is at the top of that curve, and therefore is a maximum. If the
function is concave up,~____~ | know that the only turning point is at the bottom of the
curve, and therefore must be a minimum.

13.5 Graphs with Asymptotes

The main thing to remember with graphs that have asymptotes is that tkeyiare
graph than graphs without asymptotes. This is true even though the derivatives are harder to
take, and the second derivatives can be downright sickening. The reason is that the asymptotes
act as a framework for the graph; all one really needs to find is how the graph fits into those
asymptotes.

There are three types of asymptotes to any graph: vertical, horizontal, and oblique.

* Vertical asymptotes occur where the denominator of a fraction does not exist.

3
X*D 4 will have vertical asymptotes at 2 and negative 2.

* Horizontal asymptotes occur when the graph approaches a certain y-values at very large
or very small (negative) values of x. One finds them by taking the limit as x approaches infinity
and negative infinity. See the review section earlier in the book for help with this.

3X
x>+ 2x D 4 has a horizontal asymptote at O.
3 +18
2D 12x + 9 has a horizontal asymptote at 3/2 or 1.5.

* Obliqgue asymptotes occur when you take the limit at infinity and the thing reduces to a
y = mx + b function. This will create an asymptote with the graph of that function.
2+ 6x P 12
3xb2 reduces (at infinity) to 2/3 x + 2, and will have an oblique asymptote.



To graph something with asymptotes, follow these steps:

1. Find and graph the asymptotes.

2. Find fO(x). Set it equal to zero and solve to see if there are any critical points. If there
are, find their y-values by plugging the x-values into the original function. Plot these points on
the graph.

3. If there are no critical points, plug x-values of your choice (one from each side of each
vertical asymptote, at the very least; you may want more) into the original function, and plot
these points on the graph.

4. Sketch the curves, remembering that:

* any critical points you found will beiaximums or minimums.

* the curves will approach the asymptotes but not cross them nor veer away.

* Horizontal asymptotes only work for high and low values of x. Near x = 0, the
graph of the curve may cross a horizontal asymptote, and thatOs okay.

Example 1: f(x) = X
XD 4
step 1: Vertical asymptotes at 2 and negative 2. Horizontal asymptote at O.
step 2: Use quotient rule to find fO(x), which is_ -x* D 4
(x* D 4%
This equals zero nowhere, because the top of the fraction can never be 0.
Therefore, there are no critical points.
step 3: 10l plug in 0, 1, -1, 3 and D3 to help me out. | get the points (0, 0), (1, -1/3),
(-1, 1/3), (3, 3/5) and (-3, -3/5).
step 4: The graph!

y

Example 2: f(x) = 2x°+2
X
step 1: Vertical asymptote at 0. Oblique asymptote at y = 2x.
step 2: Use quotient rule to find fO(x), which is ? £22
X
This equals zero at 1 and negative 1, which | can plug in to get the two
critical ponts (1, 4) and (-1, -4).
step 3: Since | have critical points, 10ll try V
and graph it without any extra work. !
step 4: here goes! /

/

A
/|
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|




13.6 Curve Sketching

In this section, everything comes together, and we are able to accurately sketch the graph
of almost any function. WeOve learned each individual step; itOs just a matter of combining what
we know.

1. Check for asymptotes of all kinds (11.5). If the graph has asymptotes, stop, and follow
the steps outlined in 11.5.
2. Find fO(x). Find where it doesnOt exist, and set it equal to zero and solve to find critical
points (11.2). Test it on a number line to determine increasing/decreasing.
3. Find fOO(x). Find where it doesnOt exist, and set it equal to zero and solve to find points
of inflection (11.4). Test it on a number line to determine concavity.
4. Find y values by plugging the following into the original function:
* critical points found where fO(x) = 0
* potential c.p.Os found where fO(x) DNE
* 0 (this is the y-intercept)
* any other points you think might help you graph.
5. Graph the sucker.

Here are, at last, the two examples weOve been looking at all unit.

Example 1: B 6% + 9x D 18
step 1: no asymptotes.
step 2: fO(x) = 8B 12x + 9. Exists everywhere. EqualsOatlapd 3.1 + 3 +
step 3: fOO(x) = 6x b 12. Exists everywhere. Equals 0 at 2. cd 2 cu
step 4: points are (1, -14), (3, -18), (0, -18).

step 5: The graph> /

Example 2: 4x b 6%
step 1: no asymptotes

step 2: fO(x) = fO(x) = 4 B"4xDoes not exist at 0. + 0 - 1+
Equals 0 at 1. ' '
step 3: fOO(x) = 4/3% Does not exist at 0. cu 0 cu

step 4: points are (0, 0), (1, -2)
step 5: The graph> /\




14.1 Integrals

An integral is the opposite, inverse, or undoing of a derivative. It is wffteendx, where f(x) is
the function you want to integrate. The basic question of integratiendse did this derivative
come from? There are some rules, but the main thing to start with is just plain common sense.
3x% came from %
1/x came from In (x).
cos x came from sin Xx.
12x* came from 3%
The thing you have to remember is that®&uld also have come from®3x 8, or 3% B 12, or
3x* + 2ne’, or in fact 3% + any number. We represent this by adding a constant term, c, to all our
answers to integration problems.

Here are some rules for integration, which may be used if common sense isnOt quite as common
as you wish it was:

n —_ Xn+1
[x"dx = 1
fndx=nx+c
[sinx=-cosx+c
fcosx=sinx+c
fe=€e&+c
f1x=In(x)+c
As with derivatives, coefficients can be set aside while taking the integral, and just re-multiplied
again by the result of integration. Also, terms being added or subtragte@d{multiplied or
divided) can be separated and integrated separately.

+C

HereOs an example combining a lot of the previous information:

XD 5%+ 2¢ B sin x + 3eD 1/x + &/X dx

6 X5 2 4 3/2
XX, 2 (-cos x)+ 3€ + In (X)+ SXT +C

6 5 4 :

x° x* 10"

=—-x5+E+cosx+Sex+In(x)+ + C.

6

1tOs helpful to remember how to simplify fractions when dealing with square roots B remember
that to divide fractions, you can multiply by the reciprocal.

A commonly asked question is, Owhat does that dx stand for?0O As with derivatives, the dx
emphasizes that youOre taking the integral with respect to x, which most commonly matters when
you have equations in several variables. Technically, it means Oderivative of xO, and youQOre
multiplying that by the entire equation. Since the derivative of x is 1, we can essentially ignore it.
In the next section, however, weOll be working with a derivative of u (du) which is not equal to 1
and can not be ignoredE but that can wait until we get there.



14.2 Undoing the chain rule: u-substitution

So far, we know how to undo basic integrals. One of the mainstays of any calculus curriculum is
a variety of techniques with which to undo more complex integrals. There are many we will not
learn in this course; the ones we will be working with are u-substitution, parts, and tables.

The method of u-substitution undoes derivatives that required the chain rule to derive.
Remember that the chain rule required us to find an OinsideO function, pretend it was just an x,
derive the OoutsideO function, and then multiply by the derivative of that inside function.
Similarly, u-substitution requires you to identify the inside function, call it u, and work from
there.

Type 1. Simple
[ (3x + 8 dx
This integral is simple because the derivative of the inside function is just a number, 3.
The chain rule when deriving would require us to derive, then multiply by 3. When integrating,
we reverse this by dividing by 3.
f(Bx+8fdx=(3x+8f O3+c=_(3x+8)+c
4 12

Some more examples of u-substitution problems:

[e*dx E. derivative of inside function (3x) is 3E =e*/3 +¢c

fcos (2x)  E derivative of inside function (2x) is 2E =cos(2x)/2 +c
[6(2x + 1} E derivative of inside function (2x + 1) is 2E = 6(2x+1}/8 = 3(2x+1}/4

Type 2. Complicated

[ 2x(2x¢ + 8 dx

This integral is more complicated because thereOs some multiplication going on, which
confuses things. Once you figure out that the inside function is the @x it gets even more
strange because the derivative of the inside function isnOt just a number like in type 1.

In complicated u-substitution problems, there will always be three components: the inside
function, the outside function, and some random stuff being multiplied. The first step is to figure
out what part is whatE and this can get weifd this example, Inside = 2x° + 8; Outside = ( )’;
Random = 2x.

The next step is to set the inside function equal to a variable u, and then take the
derivative duu = 2x° + 8, du = 4x. Then, rewrite the original integral in terms of u alud The
random stuff should be similar to du; if itOs different, it should only be different by a constant
term. In your u/du integral, be sure to multiply or divide by that constant term so that your u/du
integral says the same thing as the original x/dx inte@kalrandom stuff is 2x; du is 4x. When 1
rewrite the integral, I will need to divide by 2 because du + 2 = 2x.

The original integral can be rewritten as follows : Ju® du + 2. Note that if I replace this
with the x-equivalent, it is f(2x° + 8)° « 4x + 2, which is the same as the original integral.

The difference between the u/du integral and the x/dx integral is only that you can take
the integral of the u/du one, where you couldnOt with the x/dx one. So, take the integral of the
u/du oneSu’ du+ 2 = u’/4 = 2 = u’/8. Finally, plug x back in: the answer is {2x8)*/ 8 + c.

The steps, in brief:

1. Determine inside, outside, and random.
2. Set the inside function equal to u and find the derivative du.




3. Determine how the random stuff differs from du.

4. Rewrite the integral in terms of u and du. You may need to multiply or
divide by a constant to make it equal to the original problem.

5. Take the integral of your u/du integral.

6. Plug the xOs back in. Add c.

More examples:
1.f 6x sin ¥ dx
1. inside = %, outside = sin x, random = 6x. (Remember Siisxdifferent from sifx!)
2.u=%; du=2x.
3. 6x and 2x differ by 3. du ¥ 3 = 6x.
4.f6xsin X dx =fsinudu ¥ 3
5. fsinudu¥3=cosu¥3
62. Simplify to B3 cos’+ c.
6x°! 4
2] e &
1. inside = 2% D 4x; outside = 4/x ; random = 6XP 4
2.u=2%D 4x; du = 6%D 4
3. There is no difference.

6X°! 4
4. [——— dx =[12/Judu or[ u*? du.
f\/2x3! 4x / /

u1/2
5.fu'?du = —— = 2"
2
6. 2U2 becomes 2(BD 4x§? + ¢, or2y2x° - 4x + ¢
3.J 3xe* dx
1. inside = 2%, outside =*, random = 3x. (A lot of people are tempted to make the inside
function the entire® E resist this temptation!)
2. u = 2%, du = 4x.
3. 3x and 4x differ by a ratio of 3/4. du ¥ 3/4 = 3x.
4.1 3xe* dx =[e" du ¥ 3/4
5. ¢"du¥3/4=2"¥3/4

2
X

6. Simplify to 3

+ C.

The good news about these integrals is that, as stated eatigwytion is the opposite of

derivation. Therefore, if you take the derivative of your answer, using the chain rule
appropriately, you should get the function in the original problem. In the original example in the
section, we got (Zx+ 8)*/ 8, which derives to 4(Z2x 8)° ¥ 4x / 8, or 2x (Px+ 8). In the

second example, we got B3 chswhich derives to B3 (-sif)¥¥ 2x, or 6x sin% This should

always happen! If it doesnOt, youOve made an error E usually in steps 3 and 4, more rarely in
step 1.



14.3 Summation Notation

Before moving on to the next section, itOs useful to understand a system of abbreviations used in
mathematics calledimmation notation. Summation notation uses the capital greek letter S,
called sigma and writte]§. It stands for Othe sum ofO, but there are a lot of other things going on
in this symbolism. HereOs an example.
“on? 1 8
n=0
The whole thing, read in order, is said: OThe sum, from n = 0 to 72 Bf&D. What it means is
you start with n = 0 and plug it in to the function. Then, you plug in n =1, then n = 2, and so on,
stopping at 7. Finally, you add them all up. So, the answer to this problem is:
2¥GD8 + 2¥'D8 + 2¥28 + 2¥58.8 + 2¥4 8 + 2¥5.8 + 2¥6-8 + 2¥7-8
=-8 + -6 +0 +10 +24 +42 +64 +90 =216.
Obviously, itOs just a shortcut for writing larger problems with lots of repetition. Most
commonly, itOs used when estimating strange areas. For example, if | have to estimate the area of
a region where the top is the functioitx1, and the bottom is the x-axis, | would use this.
HereOs a picture:
What you do is, you divide the area into little
rectangles. There are two ways you can do this:

Find the area.
1. 2.
0 4 0 4 O] | 4

start at left start at right

If you found the area of all those rectangles and added them up, the first one would leave you a
bit short; the second would overestimate the area. So, often mathematicians will find both and
take the average. In both cases, the widths of all the rectangles are 1. The height of each
rectangle corresponds to the y-value of the function at either its left or right hand border: left for
diagram 1, right for diagram 2.
In diagram 1, the areas of the four rectangles, added, are as follows:
1¥fO)+1¥f(1)+1¥f2)+1¥f3)=1+2+ 5+10=18.
In diagram 2, the areas are:
1¥f(1)+1¥fQR)+1¥f(3)+1¥f(4)=2+5+10+ 17 = 34.
The average area, which IOll use as my estimate, is (18 + 34)/ 2 = 26.

With summation notation, this problem becomes much easier to write! It summarizes to:

"3 4 %
%I n+1+ 1 n+ 1‘&/2.
n=0 n=1

This will work for any function! To find the area between the function f(x) and the x-axis,

between x valuesg at the left and at the right, where the rectangles have width of 1, the
Hb'1

b &
equation is: % f(x)+ | f(x)(/z.

n=a+l

This formula can, of course, be slightly revised for rectangles of different widths than 1.



14.4 Area and Integrals: The Fundamental Theorem of Calculus

Like most revolutionary math theorems, the Fundamental Theorem of Calculus is
extremely important not just because of its innate value to mathematics and math applications,
but also because of its extraordinary simplicity. People typically learn the information in this
section and think to themselves: OE thatOs it?!O Mind you, this is a good thingE

Totally independently from each other, both Isaac Newton and Gottfried Wilhelm
Leibniz discovered this theorem, the OwhyO behind which | personally have never been able to
understand. | kind of take it on faith. They took the information in the previous section, and
recognized that the main problem with estimating area by that method is precisely that it gives
you anestimate and not an exact answer. However, you can get a result closer to the exact
answer by making the rectangles narrower. In fact, the narrower your rectangles are, the more
exact your answer is. Actually, if you could find their of the area sum as the width of the
rectangles approached zero, youOd have the exact answer for area! Newton and Leibniz both
spent some time exploring this idea, and found that this limit actually equals the integral of the
function. In fact,

If a function f(x) integrates to make the function F(x), (without the +c), f(x)

then the area between f(x) and the x-axis, from left margin a to right margin,

can be found by taking the integr!gblf(x) dx,
which equals F(b) b F(a). a b

In other words, take the integral. Plug in the right hand margin. Plug in the left hand margin.
Subtract. YouOve got your area. The notation for integrals of this type deghéd integrals, is

1 (x) dx

Examples:
1. Find the area between y =*%nd the x-axis between x = 1 and x = 4.
i Take the integralEf5x* dx = 5% / 3.
i Plug in the right margin, 4: 5 ¥ 64 / 3 = 320/3.
i Plug in the left margin, 1: 5¥ 1/ 3 = 5/3.
i Subtract: 320/3 b 5/3 = 315/3 = 105. The aré@%ssquare units.

In the next example, 10l actually use the proper notationE
2. Find the area beneath y = sin x betweenu@=and x =r.

! " - =
#,,sinxdx = -cos A e 2t 1-0= 1.

3. Find the area between y 8 4 and the x-axis between B2 and 2.

x3 " §3-8=- 116 16 -32

E ! 4X|-22 . 8—@3?8:?23"'? - ? = ? )

Note that we got a negative area! In geometry, this was illegal because it didnOt have

meaning. In calculus, it meansgea beneath the x-axis. S0, leave it negative.



14.5 Area between Two Curves

The problems in this section arenOt really that difficult. But they can get to be a pain in
the butt in certain cases. WeOll begin with an old thing that you learned once in geometry and
should remember (ahem!)E which probably had something to do with this problem:

What you did was you found the area of the square, which

Find the area comes out to 64 because the radius of 4 means each side is
of the shaded 8. Then you found the area of the circle, which was 16
region if r=4. Then, you subtracted 64 -6

In this section, weOll be finding the area between two graphs using the same principleE

minus equals

The arga of the top function (which is just the integral of the fungtion from a to b) minus the area
of the bottom function (the integral of that function from a to b) equals the area between the two
graphs. The key is to sketch the graphs to know which is on top, and whether they cross.

Type 1 (very easy)gives you both functions and the left and right endpoints; the graphs do not
cross within those endpoints.

x=1 / step 1: graph
X=2 / step 2: integrate top function between endpoints
y=x step 3: integrate bottom function between endpoints
y=-1 y4 step 4: subtract answer to step 2 b answer to step 3.
2" 4
4 "
/ 1 5Cdx - | -1dx = L{ - -x|f"_2 = 43
i H 4 -1 4
1" 1/4
Type 2 (easy)gives you both functions but does not give endpoints because the graphs cross.
y=xXb18 \ | 7 1: graph
y=xb6 2: set the equations equal to find where they cross

3: integrate top from left crossing point to right

4: integrate bottom from left to right

5: subtract answer to step 3 B answer to step 4.
(step2) kD 18=xD 6

4 4
X*DxD12=0 " x16dx -" X! 18dx
4 3 _0 x2 6 4=-16 x3 18 4=-152/3 1343
(xDP 4)(x +3) = ?_ X 32005 ~ 3_ X a5 = 6

X =4, -3.



Type 3 (pain in the buttpives you exactly the same stuff as type 1, but when you graph, the two

function graphs cross withip the left and right boundaries given.
y = 5x ) 1: graph.
y=-3x+8 2: find crossing point(s).
x=0 3. Divide graph into sections A and B, with one function
X=06 \ on top in A and the other on top in B.
N 4. Find the areas of A and B, respectively.
(4 (B) 5. Add the areas of A and B.
Step 2: 5x =-3x + 8 Step 3:4 has B3x + 8 on top, from x=0to x = 1.
8x =18 B has 5x on top, and runs from x = 1 to x=6.
x=1

1 1
Step 4: Area of Ai¢'! 3x+8 dx - "'5x dx {work)..= 4

6 6
Area of B is" 5xdx - " 3x +8 dx {work)...=100
Step 5: total area is 104.

The key thing on all of these is step 1: graphing. This is why we spent so much time working

with linear equations and transformations, so you can dash off these graphs quickly and focus on
the problem itself. 1tOs tough to distinguish type 1 from type 3 without a picture, and figuring out
which function is on top for type 2 is kind of a pain without one also.

HereOs another example.

\ will confirm my guess.
2=0 #

step 2: XD 3=xD1.5DxD2=0..(xD2x+1)=0..x=-1,2
The B1 does not concern me because itOs not between 0 and 3,
# 2=110/3
2 2 5 o o 10
step 4: Area of A= x! 1dx! " x*1 3dx=8-1 xf| ! %1 3xf ==
0 0 V) , $3 g 3

Find the area betweed ® 3 and x -1 between x = 0 and x = 3.
but the 2 is. This is a type 3 problem.
=0 =3/2
2 0 : o 0 11
AreaofB:"x!3dx!"x!1dx:g§<—!3x !f—!xg ===
2 2 3 2 6

o)

/A/ These graphs appear to cross inside the region, giving us a type 3... step 2
step 3: A runs from 0 to 2 with x-1 on top. B runs from 2 to 3 witB 8 on top.
2=110/3

step 5: total area = 31/6 or 5 1/6 or 5.167.



15.5 Improper Integrals

OlmproperO integrals are kind of like improper fractions... theyOre just called that, but thereOs
nothing really wrong with them. An improper integral requires that one pluggsiry during

the calculations step; in other words, weOre finding the area under a curve that goes off into
infinity. The good news is, in many cases it can be done, although in nyany

cases it canOt... All one does is (mentally) takérieas x goes to
infinity, as we did in the early review section on horizontal asymptotes.| if
you get infinity, it canOt be done. If you get a number answer (remembe
that 1k = 0), that means the area under the curve can actually be
calculated D it get® close to the x-axis, that it essentially stops adding
area any more. Pretty cool. Mathematicians call this type of functiemvargent function
because it converges on the x-axis.

Example 1: Findt € >dx

tox | =0

R e : . . P
# e dx= 3 Since the function can be rewritten as df2it equals zero at

=1.068

infinity. Therefore, the value of the integral is 0 b (-.068) = .068.

Example 2: Find'e; %dx
"3; %dx = In(x)|!3:1!.10 Since In x approaches infinity at high values, albeit slowly, the limit
at infinity is infinity. This integral has uncalculable area, and is said to be divergent.
., 6
Example 3: Find' —dx
2 X

' 6 !
" —dx=" 6x"dx= = —
2 X 2 #3 X b=#1/4

this will approach 0 at high values. Therefore, the value of the integral is 0 b (-1/4) = 1/4.

! =0

6X#3 B #_2

=10 . : .
fz —dx. Since x is on the bottom of a fraction,




15.1 Integration by Parts

Integration by parts works off of the product rule which we learned earlier. It allows us to
integrate functions that are products of two functions. The rule is as follows:

For two functions: andv, fu dv = uv -fv du.

So, what good does that do...?

LetOs say we have the intedrake®™ dx. Thus far, we havenOt learned anything that will
work to integrate this thing. [tOs multiplication, so we canOt just split up and integrate. U-
substitution wonOt work because if u = 3x, then du =3 and wonOt cancel out the extra 2x. But
parts will work. HereOs how.

101l make u = 2x and 101l gl OdvO. Notice that this makes my integral dqudl, just
like the equation wanted on the left hand side. Since u = 2x, du (derivative of u) must equal 2.
Also, since dv (derivative of v) ev _equals the integral of dv, which & ¢3. Now, | can just
plug all this stuff, uOs addOs and vOs auDs, into the equation shown. It gives me:

foxe”*=2x¥ & /3 -fe*/3¥2.

The reason this is progress, is because of the following two facts: 1. The integral on the
right hand side can be solved. 2. The right hand side, when solved, will give me the answer to the
left hand side which was the original problem. So, letOs solve it.

fe* 13 ¥2, or (2/13J)e* = (2/3) ¥ &/ 3.

Therefore, the right-hand side (the answer) becomes ** 2x@¢* + c. ThatOs it!

3 9
The steps are as follows:

(0. Try to integrate simply first. Then try u-substitution. Only if these fail do you try parts.)

1. Divide the problem into two parts, both of which are functions.

2. Choose one function to be u and one to be dv, with these:hatitsuld be chosen so that

when you take the derivative, it gets nicer. Things like sin, cos, and e, which donOt get smaller
and nicer, are almost neverdr.is whateverOs left after you choose u. Note that if you canOt
integrate the function, it must be u.

3. Find du, the derivative of u.

4. Find v, the integral of dv.

5. Plug into the parts equation and solve the integral on the right. Occasionally, you will need to
use parts again to solve the integral on the right.

Example 1. Find4x In(3>%) dx.
The two parts are 4x ara(3x?). Both will get simpler if | derive, but | don®t know the
integral of In(3%). So 101l make u = 4x and dv = In{Bx
u=1In (3% dv = 4x
du = 1/3% v =2¥¢
The parts equation becom@isi(3x?) ¥ 4x = 2&n(3x%) - [2X2/3X°E
Well, the integral simplifies to 2/3, and integrates to 2x/3. So, the answer is
2x4n(3x%) b 2x/3 + c. ThatOs it!
Example 2. Fingx?€* dx.
The two parts aredand &. x* will get simpler if | derive, and“avonOt. So,
u=x dv = &,



du = 2x v=¢g.
The equation becomefe” = X%e* - fxe”.
Unfortunately, | canOt integrate semplyE | have to use parts again. (ick!!)
For the second integral, u=x dv=¢
du=1 v=¢
Jxe&' = x& - [&*. Finally | can integrateEe* = €.
Now, the real problem is to plug all of this stuff in correctlyE we have
X2 = XD (x& b &) = X&' b x& + & + ¢, of course.

Example 3. Finde sinx dx.

As a quick note, this type of problem is a college-level problem and wonOt show up in
discrete mathE itOs more of an fyi thing for later. Just follow aléng.

The problem here is neithef ®or sin x are good candidates for u. 10Il just pick one and

see what happensE. let  u = sin x dv=¢
du = cos x v=¢
| get Jesinx = ésinx -[e‘cos x.
Looks like 10m going nowhereE but watch what happens if | use parts again, the same
way. u = cos X dv=¢
du = -sin x v=¢

Je&cos x = &cos x - fe'sinx
Still looks like IOm going nowhere, but watch what happens when | put them together:
Jesinx = €sinx B (écosx +[e'sinx) = €sinx D &osx -[e sinx.
Since | havg€’sinx on both sides of the equation, | might as well combine them together,
getting: esinx = €sinx b &osx
Sofée‘sinx must equal (ginx B &cosx)/2. Ta-da! ThatOs my answer. Cool, huh?



